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1 INTRODUCTION

This study is concerned with the choice of the optimal control rule of money
supply for a linear stochastic discrete time model of an open economy where expec-
tations are rational, in the sense that they are consistent with the model, and where
the model includes forward-looking variables. We are confined ourselves to the op-
timal feedback money supply rule which minimizes a social welfare loss function
for an economy with rational expectation. The optimal control theory is applied to
the formulation of the stabilization policy under the assumption that the economic
system is controllable.

The dynamic optimal control method of Murata (1982) is utilized to derive the
optimal money supply rule in our stochastic discrete-time macroeconomic model.
The features and merits of the method are that (1) the setting of the optimal con-
trol rule is directly applicable to the discrete-time linear economic system which
are more attractive to economic researchers than continuous time systeml, (2) in
addition to the feedback on past observations, the public expectations have been
incorporated directly into the formulation of the control rule which is contrasted

to the usual feedback control rule, (3) the optimal control rule is formulated under

'Levine and Currie (1985, 1987) have presented the optimal and suboptimal feed-
back rules for linear stochastic continuous time models with rational expectations
and are concerned with time-consistent rule.



the assumption that the economic system is convergent to the steady-state equi-
librium with constant mean and asymptotic variance of the state variable, so that
the condition that the mean and asymptotic variance-covariance of our concerned
endogenous variable are constant is added to be a restriction in controlling the dy-
namic economic system. In other words, the steady-state equilibrium with constant
mean and asymptotic variance-covariance of our concerned endogenous variables
will be achieved under the derived control rule for a controllable economic system.
‘Optimal’ is in the sense that the fluctuation of the economic system is mini-
mized over time. In this sense, optimmal control theory is powerful and useful tech-
nique for analyzing dynamic systemsz. Like the standard control problem, the loss
function is in quadratic form and time horizon is infinite. Government is assumed to
formulate a setting of stabilization policy to smooth the fluctuations of the economic
system evolving over time. The goal of the stabilization policy of the government
is assumed to be in attempt to minimize a weighted sum of squares of deviations
of the state variables (our concerned variables) from their targeted values (or time
trend level). Money supply is chosen by government as policy instrument for the
setting of the rule to control the evolution of the economic system in our model.
The central practical issue separating Keynesian from non-Keynesian economists
is the nature of the setting of the optimal policies. Keynesian economists are in favor

of feedback rules. They advocate that policy should ‘look at everything’ incorpo-

?The application of dynamic control theory to the economic planning has been
popular and widely used since 1970s. However, some economists (Kyland and
Prescott (1977), Lucas (1976)) have argued that control theory is not the appro-
priate tool for dynamic economic planning, and shown that the policy selected is
consistent but not optimal due to the dependence of the economic agent’s decision
on the expected future government policy.



rating feedback from current and past observations on the state of the economy to
the future settings of fiscal and monetary instruments. The fine-tuning policy is
called for higher taxes and lower growth rate of money supply in the boom, and
lower taxes and higher growth rate of money supply in the recession.

However, non-Keynesian economists such as Friedman (1948 and 1959) advo-
cate that the government follows rules instead of discretionary policies. Furthér-
more, they argue that the government must set money supply growing at a constant
rate per year. )

The debate of these two schools concerning the optimal policies is long-standing
and durable. The adoption of feedback rule to combat business cycle is originally
based on the belief that the probability distribution of output will be influenced by
the government policy instrument. The government money supply rule will change
the probability distribution of output.

However, some economists® have demonstrated that, if expectations are formed
rationally, the probability distribution of output is independent of the deterministic
money supply rule. They furthermore assert that one deterministic money supply
rule is as good as any other, insofar as concerns the probability distribution of
real output of an economy with Lucas-type supply and rational expectatic;ns. This
is the ‘neutrality’ or ‘policy ineffectiveness’ proposition. In brief, this proposition
provides the policy implication that demand management policy will be ineffective
in influencing the time path of real output in an economy in which expectations are

rational and money illusion is absent.

The main issues we are concerned are (1) to examine the validity of ‘policy

3See Lucas (1972, 1973, 1976), Sargent (1973, 1976), Sargent and Wallace (1975).



ineffectiveness proposition’, (2) to investigate the comparative performance of the
alternative money supply rules - feedback versus fixed rule, (3) to determine whether
the structure of the economy is crucial to the effectiveness of the setting of the money
supply rule in the sense of the insulation of the economy from the random shocks.

More specifically, what we are concerned about the first issue is whether the
probability distributions of endogenous variables are affected under the selected
policy rule of money supply for an economy with rational expectations. If the mean
and/or variance of endogenous variables of our concern have been changed once the
control rule of policy instrument has been adopted, it implies that the policy rule
is effective, rather than powerless, even when the expectation is rational.

For the second issue, the relative performance of the alternative money sup-
ply rules shall be compared and examined according to the criteria of minimum
variances of the state variables. The selection of the appropriate policy relies on
the degree of the insulation of the fluctuations of the economy originating from a
variety of random disturbances.

For the third issue, we shall explore whether the ‘optimal’ control rule depends
on the structure and nature of the economy.

First, the dynamic optimal control method is applied to Turnovsky-Bhandari
model with ad hoc equations. The alternative money supply rules under the al-
ternative objective functions with different target variables are derived to examine
the effect of the policy control on the time path of the endogenous variables in the
economic system.

Secondly, the drawbacks of the macroeconomic model with ad hoc equations

are pointed out, in particular, in the aspects of the functional forms of consump-



tion and money demand appearing in T-B model. Theoretically, the function of
consumption and money demand must be simultaneously determined from the op-
timization behavior of the individual. Then, we are in attempt to provide the nature
of demand functions for consumption and money based on the insights from two
branches of microeconomic foundations of monetary model - the general equilibrium
cash-in-advance (CIA) and overlapping generations model (OLG).

These new developments in the microfoundations of monetary theory arise from
the dubious character of conventional assumptions in macroec’om‘)mic models?.

The supporters of the new microeconomic foundations of monetary model point
out that the standard portfolio specification (money demand function) included in
all the macroeconomic literature cannot be rationalized by appeal to some risk-
aversion model and/or some inventory or transaction cost model.

In general, the function of money as a medium of exchange is emphasized
more in the CIA model, where the cash-in-advance constraint is used to provide
a determinant demand for the government non-interest-bearing money. A central
feature of the CIA model is the exogenously imposed requirement that goods be
purchased with currency accumulated in advance. However, the role of money as a
store of value is more important in the OLG model, where wealth is carried from
period to period in the form of money.

Here we are attempting to provide a reasonable consumption and money de-
mand functions, which will be based on the microeconomic foundations of the CIA

and OLG models. Two alternative models are developed by replacing demand

‘Kareken and Wallace (1980) demonstrate rigorously that “macroeconomic mod-
els, small-scale and large scale, classical and Keynesian, are inconsistent; they yield
contradictory implications”.



for money and consumption in the T-B model with the new ones. Finally, an-
other setting of optimal money supply is formulated under the assumption that the
monetary authority has information superior to that of the public. The optimal
superior-information money rule is derived for the revised CIA and OLG models.
It is shown that the optimal money supply rule depends on the structure of the

economy.



2 TURNOVSKY-BHANDARI MODEL WITH AD HOC
EQUATIONS

Turnovsky and Bhandari (1982) developed a general equilibrium macroeco-
nomic model of a small open economy with imperfect capital mobility under flex-
ible exchange regime. The model is built in the ad hoc equations. Basically, the
model having the usual open macroeconomic framework which is widely used to
analyze the exchange rate determination by most international economists, follows
the conventional macroeconomic analytical framework with rational expectationsl.
The model is extended by incorporating the real sector from Driskill-McCafferty
(1980) analysis in which the degree of capital mobility has been taken into account.
The characteristic of the model is its consideration of the degree of mobility in the
exchange rate determination of capital account, within a framework incorporating
both' financial and real sectors of the economy. More specifically, the introduction
of the imperfect capital mobility into the capital account of balance of payments
is contrasted with other open macroeconomic model where capital is assumed to
be perfectly mobile internationally. This assumption of perfect capital mobility

gives the current account balance, together with asset market, an important role in

'Dornbusch (1976), Barro (1978) and Bilson (1978).




determining the short-run exchange rate2.

The open economy in the model is assumed to be small enough to regard the
world price and interest rate as exogenously determined. The public and govern-
ment form their expectations rationally and share with all the available information.
The individuals in the economy engage in the transactions ir goods market and a
world-wide capital market where domestic and foreign government one-period bonds
are traded. Foreign bonds are regarded by domestic agents as being imperfect sub-
stitutes of domestic bonds due to a certain sorts of risks a;n_d uncertainty involvedS.

Their paper primarily focuses on the two issues: (1) the short-run impacts
of various structural disturbances of domestic and foreign origins on the domestic
economy, (2) the effects of the degree of capital mobility on the variations of all the

endogenous variables.

2.1 The Structure of Turnovsky-Bhandari Model

The model includes four main building blocks: a specification of aggregate
supply, of money market equilibrium, of purchasing power parity, and of the balance

of payments. The model is built in the following ad hoc equations.

?Under the assumption of perfect mobility, the exchange rate is essentially de-
termined in the money market.

3As mentioned in Turnovsky-Bhandaris’ paper, two factors may create imped-
iments to capital mobility. The first is exchange risk which is associated with the
domestic and foreign bonds denominated in different currencies and the uncertainty
of exchange rate at maturity. The second is default risk arising from the fact that
investors may perceive that foreign bonds are subject to the risk of default more
than domestic bonds.
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. Domestic aggregate supply

Yyt =5+ 8(pt — Ey_1pt) +ug, s>0 (2.1)

where uy ~ 11d(0, a%)

. Domestic money market equilibrium condition

m¢ — pt = =Pyt + Byt (2.2)

. Purchasing power parity

Pt =pi + et (2:3)
where p’t" ~ 11d(0, 0'22)*)
Net position in foreign bonds, expressed in real terms
By *
pr = M Brere1—ertri =), m>0 (24)
where 7§ ~ 71d(0, 0'72'*)
Real trade balance, ignoring domestic investment and government expenditure

Ti =yt — cf (2.5)

Balance of payments equilibrium

AB;
Py

=Ty, where AB; = By — By_1 (2.6)

. Domestic aggregate demand

cp =crys —calrt — (Bypyy1 —pe)l +wy, 0<cp <1, cg>0 (2.7)

where w; ~ iid(O,Ui?v)
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8. Domestic nominal money supply is governed by a stationary process

my =T + vy (2.8)
where
o = real domestic output
Dt = logarithm of the domestic price level
my = logarithm of the domestic nominal money supply
et = logarithm of the exchange rate
p:‘ = logarithm of foreign price level
Pt* = the foreign-currency price of the goods
Ty = real domestic trade balance
¢t = real domestic consumption demand
T4 = domestic nominal interest rate
ry = foreign nominal interest rate
By = net position of the domestic agents in foreign bonds
measured in the foreign currency
uy = random aggregate supply disturbance
wy = random aggregate demand disturbance
v = random domestic monetary disturbance
Etzy 41 = the expectation of ;1 conditional on the information set §2;

There are seven endogenous variables, y;, ps, e, 74, ¢¢, By, and T}, one domestic
exogenous variable, my, and five random disturbances, p{,rf,ut,vt, and wy, of

which the former two are foreign origins and the latter three are domestic origins.
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The country is assumed to produce only = single final homogeneous commodity,
or a composite commodity. Equation (2.1) 1is a simple Phillips curve or Lucas-
type aggregate supply equation. The suppls” function embodies the natural rate
hypothesis that only unaniicipated increases in the price level are posited to boost
aggregate supply. u4 is a random unsystemati c supply innovation and is assumed to
be identically and independently distributed -wwith zero mean and a finite variance,
0'%. For convenience, the level of ‘normal’ aggsregate supply (3) is set equal to zero.

Equation (2.2) is the standard money m arket equilibrium equation which de-
scribes demand for real money balance as a fu xa ction of interest rate and real income.
Demand for real money balance is inversely t o interest rate and directly related to
real income. Equation (2.3) is simply purch & sing power parity (PPP). The PPP
holds under the assumption that the goods is traded goods and no transportation
cost incurred. It implies that there is no exploz t able profit opportunity for the goods
arbitrage internationally. The foreign price, p;‘ , is assumed to be a random variable
and identically and independently distributed -with zero mean and a finite variance,

2

2"
p
Bt/Pt* in equation (2.4) is the net position of the domestic economy in foreign
bonds, expressed in real terms. It is defined as the difference between domestic
demand for foreign bonds and foreign deman <l for domestic bonds. The coeflicient

7 is the measure of the sensitivity of domestic and foreign wealth holder’s portfolio

composition to the uncovered interest differemtial in favor of the foreign bond*.

“The uncovered interest parity in an uncexrtainty world is r = 7* + Eie;py — €.
However, for a certainty world in which foreign and domestic bonds are perfect
substitutes, the arbitrage conditions for botlh foreign and domestic assets are the
uncovered interest parity, r, = r} + e, — €;.
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The size of 7 reflects the degree of capital mobility and is negatively related to the
relative risk aversed. For a small country, the supply of foreign bonds is assumed
to be perfectly elastic at the existing interest rate yield. The specification of net
demand for foreign bond in equation (2.4) can be derived from portfolio optimization
of the individual investor behavior under these assumptions that (1) domestic and
foreign bonds are perfect substitutes on a covered basis and (2) individual investor
is risk adverse. The random foreign interest rate is identically and independently
distributed with zero mean and a finite variance ag*.

Equation (2.5) is simply a gross national product identity, ignoring domestic
investment and government expenditure. Equation (2.6) is balance of payment
equilibrium equation with flexible exchange regime and net international interest
payments small enough to be ignored. It follows that trade surplus equates net
demand for foreign bond. Under flexible exchange regime, trade account balance
is exactly equal to the opposite of capital account balance since official settlement
balance is always zerod.

In the model, net capital outflow at time ¢ is defined as the amount of net pur-
chase of foreign bonds by domestic investors at time ¢ over the amount at time ¢ —1.
It reflects the changes in net position of the domestic economy in foreign bonds.
Equation (2.7) is domestic aggregate demand with only one component of domes-

tic aggregate consumption since domestic investment and government expenditure

are ignored. Domestic consumption is a function of current real income and real

5The infinite 7 (7 — 00) is associated with the risk neutrality.

®In the balance of payments account, net export of goods and services is regarded
as a debit item in current account. Net purchase of foreign asset (capital outflow)
is recorded as a debit item in capital account.
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interest rate, ry — (E¢ppi1 — pt)7. Domestic consumption is positively related to
current real output and inversely to real interest rateS. The random term wy char-
acterizes the unanticipated changes in consumption expenditures and is identically
and independently distributed with zero mean and a finite variance.

Equation (2.8) indicates that the money supply follows a stationary process
with a systematic component of money supply (7). For convenience, 77 is set to be
zero. The random term v; is identically and independently distributed with zero
mean and finite variance(ag). vy is regarded as a positive- money supply innovation

or a negative money demand disturbance.

2.2 Rational Expectations Solutions

The rational expectation solutions of endogenous variables are summarized as
follows:

For notational convenience, define
z4 = ep + 1 — r? (2.9)

1. One period rational expectation forecasts of price level and exchange rate

formed at time ¢ are

A
Eipty1 = Eepy = ;;-Zt, vi (2.10)

"Fisher’s definition of real interest rate is the nominal interest rate, r,, minus
the expected inflation rate, ( E¢psyr1 — pt), where E;pyy1 is the expected price at time
t + 1 formed at time t. '

8The real foreign interest income in terms of domestic currency, (r* —
AP}/P})B,/P;, where AP}/ P! is foreign inflation rate, is assumed to small enough
to be neglected. Therefore, it is not treated as a determinant factor in consumption
equation.
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where Ay =n/(n+¢9) <1, A9 =14 1/81 > 1, A{ and Ay are the roots of

the characteristic equation

(n+ )22 — [+ (7 + eg)(1 + ﬁ-l—lm Fa(l+ [—,lp =0 (2.11)

2. The solution of all the endogenous variables are

(a)zp = Apzp_1 + &y
(Blyt = &9y

A
(cleg = §2t—1+£3t

A
(d)ps = p} + ;ézt—l + €3¢

A\ .
(e)ry = 1+ﬁ13t-—1+§1t"£3t+rt

(T = (1-c1)égp+ea(l ~ %)(Alzt—l +€14) + calpf +1f) — (8412)

where £;; is the composite random variable expressed as linear functions of the

structural random variables, §;; ~ 1id(0, d?i)'

D = [sfg+s(l-c1)B16+(1+81)] >0

1+ 6
n+co(l+67)

b0 = LU= )1+ BJug - s(L = eq)ug + sy + (1 — Bl
~fea(1+ By + aBy)] + s(1 — e1)By1(p] + 1)}

by = -113{(1 + B1)ug + svg + sPydwy + sP1(L — cod)(py +71)}

3t = %{—[ﬂz +B16(1 = ep)]ug + vy + By pwy

~[eaB16 + s(1 — c1)B16 + (1 + sB2)lpy — B1(1 — ¢ea)rf’}
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The feature of the solutions is that domestic real income fluctuates randomly around
its steady value (or trend value) of zero, while other endogenous variables such as
the exchange rate, price level, and interest rate follow convergent time-dependent

processes.

2.3 Interpretations of the Rationale of Ad Hoc Equations

The model is constructed in the conventional macroeconomic setup with a set
of so-called ad hoc equations. Such an ad hoc equation setup is vulnerable if no
behavioral rationale is embodied in these equations. The macroeconomic framework
in ad hoc fashion has endured severe criticism for a long time from the economists
who have a strong taste for microeconomic analysis. We shall succinctly describe

the rationale of these equations which have been provided by some economists.

2.3.1 Aggregate supply

The aggregate supply function of equation (2.1) embodies the “natural rate”
or “accelerationist” notion that output supply is affected by the unanticipated price
level. Only the unanticipated component of inflation is stimulative in the supply of
production. The idea of “natural rate” hypothesis has been put forth by Friedman
(1968), Phelps (1967), and others®.

According to Friedman’s discussion, it is postulated that demand for labor de-
pends on the real wage while Athe supply of labor depends on the expected real wage.

This argument is based on the idea that individual employer has full knowledge of

"McCallum (1980) surveyed a couple of well-known and widely accepted ratio-
nales of such aggregate supply.
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input and output prices but individual employee has imperfect knowledge of output

price. The equations of demand for labor and supply of labor are expressed as

(a) mng=ag+ay(wt—p)+ugy a3 <0

(6) ny=ap+ag(wg— By_1py) +ugy, a3 >0 (2.13)

where ny, w¢, and p; are logarithms of employment, the nominal wage and price
level, respectively. u1; and ug; are random disturbance terms which are identically
and independently distributed with zero mean and finite variance. The term (w; —
E;_1pt) is the expected real wage. By the labor market equilibrium condition that

demand for labor equates labor of supply, it is obtained that

ng = ag +a5(pt — Ey_1pt) +ugy, a5 >0 (2.14)
where

_ a1(ag — ag)

“4 = a0 (a1 —a3)
_ _ajag

% = & a3
__—ag aj

Ut T G —agiltT o a2

Thus, by a production function relating output to employment, the equation (2.14)

can finally become the relation like

Yyt =35+ 8(pt - Et—lpt) + uy (2.15)

It is noted here that in general the lagged output is included in Lucas-type aggregate

supply functiontV.

1%Sargent (1979) provides an adjustment-cost rationale for the appearance of y,_;
in the aggregate supply function. But, it must be noticed here that the existence
of adjustment cost is not necessary for the appearance of y,_;.
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Lucas (1973) provides an alternative rationale based on the idea that individual
supplier cannot accurately distinguish the movement between economy-wide and
relative price in his own locality. The individual supplier’s decision depends only on
relative price. Lucas supposes that output suppliers are located in a large number
of separated competitive markets. Demand for goods is distributed unevenly over

market, leading to economy-wide and relative price movements.

2.3.2 Net demand for foreign bond

We shall proceed to derive net demand for foreign bond from the portfolio op-
timization behavior of individual investor!l. Assume that the domestic individual
investor is allowed to hold interest-bearing assets of domestic and foreign bonds.
There is no institutional obstacle or restriction on the portfolios of bonds across
countries. But the imperfect capital mobility arises from the fact that some sorts
of uncertainty and risk have been taken into account in the individual investor’s
portfolio behavior.

The representative domestic investor holds domestic and foreign one-period
bonds. For simplification, we consider the net foreign bonds denominated in the
foreign currency. B; is the quantity of net foreign bonds held by domestic investor
at the end of period ¢. The rate of return net of opportunity cost per unit By is

(e4+1 — et + 7§ —r4). Hence the profit of net foreign bond holdings is
My 1 = By(egy1 — et +rf —7t) (2.16)

The optimization problem of the domestic representative investor’s portfolio

"'Black (1985) has presented the equation of the net demand for asset emerged
from individual investor’s portfolio behavior.



18

behavior is to choose B} so as to maximize the expected utility of profit,

E(Ut) = E4Ily 1 q - -thHtH (2.17)
where
R is the measure of risk aversion
E4I1; 4 1 is conditional expectation value of profit, given information
available at time ¢
Villy 1 1 is conditional variance of profit, given information available
at time ¢. |
Since
Eglly 11 = By(Eyep ) —ep + 7] — 1)
Villyyy = Ey[By(egy1 — Erey 1)) = Bi?ag,t-u (2.18)

where ag $11 is the conditional variance of the next period’s exchange rate, thus
?

the objective function of equation (2.17) becomes

R
E(U) = By(Eyey 1 — e +rf —r4) — -2-Bt2a§’1 (2.19)

where ag 1 is one-period variability of the exchange rate.
1

Taking the first derivative with respect to By, the necessary condition for this

expected utility maximization problem is

dE(U)
B,

= (Etet+1 - €} + 7‘2‘ - rt) — RBtO'E’l =0 (2.20)

Solving equation (2.20) for By, the optimal net foreign bond holdings is easily

obtained,

1
2
Ra'e,l

By = (Biegr1 —ep +7f — 1)
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= n(Eety1 —ep +rf —1g)

wheren =1/ Rag’l is the representative investor’s risk-bearing behavioral parame-
ter, which is dependent on the degree of risk aversion R and one-period variability
of the exchange rate, ag,l. n parameterizes the degree of capital mobility. The
larger value 7 means the more capital mobility. The value of 7 is inversely related
to R and 173’1. If domestic investor is more risk aversive towarcis risk (the larger
R), then capital is less mobile across countries (small ). Likewise, if the varia-
tion of exchange rate of one-period ahead is larger, the capital is less mobile across

countries.
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3 OPTIMAL MONETARY POLICY OF T-B MODEL

We have reviewed the T-B model where money supply follows a stationary
exogenous process. Now, our attention is confined to the formulation of the sta-
bilization policy under rational expectations. The emphasis is put on the choice
of the optimal money supply rule by virtue of dynamic optimal control method.
An optimal control method, in particular, for linear discrete-time economic sys-
tems presented by Murata (1982) will be applied to T-B model and then derive the
optimal feedback money supply rule.

The main purpose of this chapter is, taking T-B model as an example, to
examine the relative performance of alternative money supply policies under the
alternative government obje.ctive functions. Under the fixed exchange rate system,
money supply is endogenous which is partly determined by trade balance. The
authority would intervene in the exchange market to avoid exchange appreciation
by buying foreign exchange if the country has trade surplus. On the contrary, the
authority would intervene in the exchange market to offset exchange depreciation
by selling foreign exchange if the country has trade deficit. Therefore, foreign ex-
change reserves, one component of money supply, would increase or decrease leading
to money supply changes. But under the fully flexible exchange regime, it is as-

sumed that there is no government intervention in exchange market so that foreign
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exchange reserve is fixed. Under the flexible exchange rate, money supply is essen-
tially exogenous which can be controlled by the monetary authority. Money supply
serves as a superior monetary policy instrument to interest rate under the flexible
exchange regimel.

The government authority is assumed to adopt the feedback money supply rule
as a countercyclical policy to combat business cycle and/or to eliminate the serial
correlation of endogenous variables. The alternative optimal feedback money supply
rules for this small open economy with rational expectation are derived by utilizing
the dynamic optimal control method in the infinite time-horizon problem. In the
setting of dynamic optimal control model, the key assumption is the steady-state
equilibrium of all the state variables. This assumption is required to be added as the
constraints in solving the optimal control instrument « * money supply. ‘Optimal’
is in the sense that the fluctuations of the target variables from their trend values
(or targeted values) are miniinized.

In this chapter, we proceed to derive the optimal feedback money supply rule
in an economy in which the government takes into account the public expectations
of price and exchange rate in the seiting of feedback monetary policy. We are in
attempt to examine the variability of the “policy ineffective proposition”.

The final forms of all the endogenous variables under the optimal control of
money supply are derived with a view to examining the sources of variations of
all the endogenous variables and the impacts of all the random disturbances of

domestic and foreign origins on the variations of the endogenous variables.

'Poole (1970) discussed the selection of instrument between interest rate and
money supply policies in a closed economy.
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The alternative feedback money supply rule will be subsequently derived with
the alternative stabilization criteria. In addition, the fixed money supply rule is
derived as well. The relative effectiveness of the alternative monetary policies are

justified in accord with the criterion of the minimum variance.

3.1 Three Target Variable Case

First, suppose that thesehendogenous variables of real output, price level and
exchange rate are the monetary policy maker’s main concern. Therefore, in the
setting or formulation of the dynamic optimal control, the real income (y;), price
level (p;) and exchange rate (e;) are treated as state variables and money supply is
chosen as control variable.

Taking the first difference of equation (2.4) and combining with equations (2.5)

and (2.6), we obtain

yt —ct = 7n[(Bregr1 — By_1ey) — (g —eg—1) + (1§ —rf_q)

—(r¢ ~74-1)] (3.1)

The complete model given by equations (2.1)-(2.7) can be reduced to the four equa-

tions:
(a) yt = s(pt — Ey_1pt) + ug
(b) my — pg = —PB1re + Boyy, B1,089 >0
(¢) Pt =pj +e4
(d) nl(Egesr1 ~ Ey_1e4) — (g —ep_1) +(rf —vf 1) — (rg —74_1)]

= (1 —c1)ys +ealry — (B Ppy1 — pg)] — wy (3.2)
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The model can be reduced as follows:

yl& n+c
¢ & 1 ey 7% & et—1

—sEy_1pt
+ 0
2EtPyy1 +n(Ererq1 - By_yet) — grmy—

ug
+ (3.3)
n(rf —ri_1) +wy
where
Ba(n + c9)
=(1-c¢1)+
¢=(1-¢) By
1 n
0 =co(l+ =)+ —
9 ( ﬁl) 2
Let
1 —-s 0
D=9 1 =1 for convenience (3.4)
¢ & 7
where

|D| the determinant of matrix D

n+6+s9>0

n+6 sn S

-1 1
DI:I_T —¢ n 1
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The model can be expressed as state-space representation:

yt %%Q 5111 A -1 %?2)
pt =D %@12 g”{ 7 pi—1 |+ 777'%02 my
et L %5_12 3”1- 1 er—1 %

—s(n+ 6)Ey_1pt + scgEypy 1 + sn(Breg 1 — Ey_1e4) — 7

-1
+ s#By_1pt + 2 Eypyi1 + n(Breyyy — By_yeq) - grmy
s6B;_1p¢ + By g1 +n(Bpery1 ~ By_tey) - g-my_y

(n + 8)uy + sup} + sn(ry —rf_q) + swy

+ —ug +npf +0(r} —ri_q) +wy (3.5)

—¢uy — (8§ +s)pf +n(ry —ri_1) +wy ||

Equation (3.5) is rewritten as the usual state-space representation in the following

notational form: z(t) = dz(t — 1) + Bv(t) + ¢(t) + £(t) where
sp S
(5 8
4= %ﬁ_lz Z% 7
" oA
(+ea), [ s
o U)

= 1

|D|

1
Yt Yi—-1
€t €t—1
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¢(t) is the time-varying nonrandom composite matrix of which
the elements are linear combinations of E;_1ps, E¢pyi1,
and (Eges1 — Ey—pe4)

€(t) is a time-independent random vector having zero mean

and a finite constant covariance matrix

(n + 6)ug + smp™ + sn(r —r§_q) + swy
£(t) = ,1—| —dug +np* +n(ry —ri_1) +wy
~ug ~ (6-+ s$)p* +lrf =} _q) + vy

The monetary authority is assumed to take economic stability as the main
goal and much concerned with the fluctuations of some important macroeconomic
variables of the system over time. The objective of the authority is in attempt to
minimize the fluctuations of real output , price level, and exchange rate over time
by controlling the money supply at each time t. More specifically, the objective
function is to minimize the expected value of the weighted total sum of squares of
all the state variable deviations from their target values over time.

The following setting of dynamic optimal control method is referred to Murata’s
theorem2. The crucial assumptions are steady-state equilibrium of all the state
variables and the serial uncorrelation between all the lagged state variables and
random disturbances. In steady-state equilibrium, expectation value of each state
variable is convergent to a constant value and the variance of state variable is

finite and constant. The constant expectation value and asymptotic variance of

state variable turn out to be two groups of the constraints in our dynamic optimal

?See Theorem 8 in Chapter 5 of Murata (1982) on pp. 151-153.
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control problem. The objective function is set to be linear and quadratic function.
The linear and quadratic function has the property of equivalence of certainty.
Assume that the people and govermnemt share the same information set each
time. They form their expectations rationally. Their expectations about ¢+ 1 given
the information set at time ¢, (4, include observed values of current and all the
previous endogenous and exogenous variables, ; = {z4,24_1,24_9,....} where z;

is the vector of the variables at time 2.

3.1.1 The derivation of the optimal control law

The following is Murata’s theorem (1982). Suppose a quadratic loss function

of the form
Kll 0 0 Yt
|
Wy = tzln (yt Pt et) 0 Kpp O Pt
0 0 K33 es
K
K K K
tu oo )| Ky [+ G2+ G232 39)
Ks |

with K;; > 0, (i =1, 2, 3), and II is a time discounted factor, 0 < II < 1, the
quadratic function of Wy is very close to the following functional form W1,
= qt-1 2 2 2
Wi =3 I [Kip(ye —9)° + Koa(pt ~ B)° + K33(er — )] (3.7)
t=1

where
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¥, P, € are arbitrage target values of real income, price and exchange rate. For con-
venience, in the proof process, W; can be expressed in the matrix representation.

The objective is to minimize the expected value of Wy,

o0
E(Wy) = B[, T (a(t) - a()) T T(a(t) - a(1))] (3.8)
t=1
subject to the state-space representation

z(t) = Az(t — 1) + Bo(t) + c(t) + £(2) (3.9)
with the known initial value of x(t), x(0), where

0<ikl1
' is a symmetric positive semi-definite constant matrix
giving the relative penalties for the squared deviations of the

state variables from their targeted values

Kqq 0 0
0 0 K33

z(t) is a vector of state variables,

o1 (1) = (vt:ptr¢1)

a(t) is a vector of the target values for the state vector z(t),
o' (2) = (7,7:¢)

z(t — 1) is a vector of lagged state variables,

2L(t — 1) = (y4_1,p4—1, €4—1)-
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v(t) is a vector of control variables, v(t) = m;.

¢(t) is a time-varying nonrandom matrix.

€(t) is a matrix associated with random disturbance terms
with zero mean and a finite covariance.

(o)T is transposition of the matrix.

Using the Lagrangian multiplier approach, we choose v(t) to minimize the

expected loss at any time ¢, but II*~! can be neglected. -
E((2(t) - a(t)TT(2() - o(#))] (3.10)
Assuming a feedback control law of the form
v(t) = —Kz(t — 1) — k(t) (3.11)

Substituting the feedback control law into the constraint of the state-space repre-

sentation, we obtain
z(t) = [4d — BK|z(t — 1) — (BL(t) — c(2)) + £(¢) (3.12)

Note that E(z(t — 1)§T(t)) = 0 by the assumption that the lagged state-variables
are serially uncorrelated with random disturbances. Defining the asymptotic ex-
pectation of z(t), E(z(t)) = u, where p is a constant value, and E(:v(t):cT(t)) =X,
where E(m(t)mT(t)) = cov(z(t)) — pyT, and cov(z(t)) is var-cov matrix of z(2), we
have

u=[4 - BKu ~ (BK(2) - o(t)) (3.13)

X = [A-BK|X[A - BK)T + (Bk(t) — c(t))(Bk(t) - c(t))T

—2[4 — BK|u(Bk(t) - c(t))T + R (3.14)
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where R is the term of the remainder. The objective equation (3.10) may be reduced

to

E(T(#)Tz(t)) - 2aT ()T Ex(t) = tr(TX) - 22T ()T (3.15)

since

E@T)r2(t)) = pITu+tr(Teov(z(t)))
= pTrp+tr(PX) - tr(Tpud)

= tr(I'X)

Now, our problem is simplified to minimize equation (3.14) subject to the constraints
of equation (3.13) of asymptotic mean of state variable, E(z(t)), and equation (3.14)
of E(:c(t)mT(t)), which are directly derived from the state-space representation of

equation (3.9). Hence the corresponding Lagrangian form is

L(t) = tr(TX) - 22T (t)Tp
+tr(S{[4 - BK|X[A - BK|T + (Bk(t) — c(t))(Bk(t) - c(t))T
+R— X - 2[A - BKu[Bk(t) — ()] T }]

+2PT(1){{4 ~ BKJu[Bk(t) - c(t)] - p} (3.16)

where § is the matrix of Lagrangian multipliers associated with equation (3.14),
the constraints of the asymptotic expectation of E(az(t):cT(t)) of equation (3.14).
S is assumed to be symmetric. P(t) is the column vector of Lagrangian multipliers
associated with the constraint of the asymptotic mean of z(¢) of equation (3.13).
The choice variables are X, K, p, and k(t). We choose X, K, pu, and k(t) to

minimize L(t) in equation (3.16). Thus, differentiating equation (3.16) with respect
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to X, K, u, and k(t), respectively, and setting the first order conditions equal to

zero, we have

(a) a;;g) —T+[4-BK|TS[4- BK]-§=0

(b) % = 2{—[4 — BKITS(Bk(t) — c(t)) + [4 — BK — I|T P(t) - Ta()} = 0
(c) 9;;% = 2{—[4 — BKITS(Bk(t) - c(t)) + [4 — BK — I|T P(t) — Ta(t)}

(d) %’]:;% = 2{ BT S(Bk(t) - c(t)) - BTS[A - BK|u - BTP(t)} =0 (3.17)

Equation (3.17d) is multiplied by ,uT, and then subtracting it from equation (3.17b),

we obtain
BTs14 - BE)uuT - X) =0 (3.18)
Under the assumption that ,uuT — X is nonsingular, we get from equation (3.18)
that
BTsi4-BK]=0 (3.19)
so that we have
K =(BTsp)"1BTs54 (3.20)

Defining L = [4 — BK)Z, from equations (3.17a) and (3.19), we have
S=T+LSA (3.21)
Equations (3.17c) and (3.17d) can be reduced to
BT S(Bk(t) - c(t)) — BT p(t) = 0 (3.22)

(A — BK1TSe(t) + (A - BK — 11T P(t) — Ta(t) = 0 (3.23)
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And then from equations (3.22) and (3.23), we have, respectively
k(t) = (BT $B)"1BT[Sc(t) + P(t)] (3.24)
P(t) = (I — L)L [LSc(t) - Ta(t)] (3.25)

Substituting equation (3.25) into (3.24), and since I + (I — L)~ 1L = (I - L)—l,
we obtain

k(t) = (BT sB) ™1 BT (I - L]~ 1{S(t) - Ta(t)] (3.26)
From the above proof, the optimal control law is given by
o(t) = ~Ka(t — 1) — k(t), fort = 1,2, ... (3.27)
where

= (BTsB)~1BTs4

I'+LSA

N Ly X
Il

= [4-BK)T
k(t) = (BTsB)" BT (1 - L)"1[Sc(t) - Ta(t)]

The application of the above Murata’s theorem to the linear exogenous macroe-

conomic system of T-B model has the following results:

1 B2 m
K o= (22, 1 (3.28)
152 AL Ay
1
L = 0, 0isanull matrix with zero-element (3.29)
Ki; 0 0 )

wn
I

0 Koy 0 | (3.30)

0 0 K33 J
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n+c 2
(Tg2)(s?K11 + Kog + K33)
{sKq1[-s(n+ 6)Ey_1ps + scoEypy i1 + sn(Erep i1

8 —
Ey_1e4) — 5711’"%—1 — g|D|]

+Kools¢Ey_1pt + coEypyyq +1(Epeypq — By_qet)

n N
———my_1 — plD
B ™ '1 |D(]
+K33(s¢pEy_1pt +coEypyy1 +n(Erepr1 — Ey_1et)
7 )
——mq_1 — €D 3.31
B ™1 |D|]} (3.31)
v(t) = —k(t)
n
= _ Ey_ E
7 F oy 1 T 0T Y15 1Pt 72 5Py +
73(Eter 1 — Byyet) (3.32)

where
(sK117 + K99P + K33¢€)

+c
("7;;2)(821(11 + Kgg + K33)

_ [s%(n + §)K11 — s¢Kog — s¢K33)]
=TT
(Tg 222 K11 + Ko + K33)

70 =

>
<0

12 = TTFeq < 0
O
13 = <0

nte
(52)
Substituting the values of K in equation (3.28) and «(¢) in equation (3.32) into the

optimal control law, we have the optimal feedback money supply rule

—1PB9 7 181 n
Y41 — -1 — 4.
m+e) "1 " m+e)t1 7 (g+c9) (n+eg) t1

+70 + 11 Et—1P + 72 Bt Py1 + v3(Egey1 — Ep—1et) (3.33)

ej—1 +
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Substituting equation (3.33) into state-space representation (3.5), we have the
pseudo-reduced forms of state variables, real output, price, and exchange rate under

the optimal control of money supply

Yyt = sagtajBy 1 Pr+&yt (3.34)
pt = ogtagky 1P+&py (3.35)
et = og+oagk (1 Pr+§et (3.36)
where
ap = 3K119 + Koop + Kg3e 50
s2K11 + K22 + K33
—-s(K K
0 = - s(Kgg + K33) _
s“K11 + K99 + K33
oo = 32K11
> 7 $2Kqy + Kog + Kag
1
byt = Tppl(n+Bur+ snpy + sn(rf — r{_1) + swy]
1 .
€pt = I—DI[ dug +npy +n(rf —ri_q) + wy
1
£e,t = |D|[ ¢Ut (6 + “3(175)p,tig ’*_77(7'2k - rt—-l*) + wt]

Taking conditional expectation on both sides of equation (3.35), we solve for the

solution of rational expectation of py

«
Eg_1pt = 1 _Oag (3.37)

Then, substituting the solutions of Ey_yps, EyPyy1, Ey_qeq, and Ejeyy into
equation (3.33), the final form of the optimal money supply rule can be simply

expressed as

18 U 61 U
=C - 1 - 1 - _1+ my_ 3.38
77+02yt 1 77+62pt 1 ?'}+czet 1 t-1 ( )




34

where C is a constant, C = vg + [ag/{1 — @9)](y1 + 72). The control rule.is
deterministic and involves no surprise. Importantly, it includes a constant term
which captures all the expectation values of e; and p;.

From equation (3.38), the optimal feedback money supply rule only depends
on the previous real output, price, interest rate and money supply. In other words,
the deterministic feedback money supply rule is feedback from past target variables
and policy instruments. According to the guidance of the optimal feedback money
supply rule, the monetary authority should decrease the current money supply when
the previous exchange rate increased last year. Since the exchange rate increased
last year, the domestic agents would be induced to sell foreign bonds during the
previous year. Given the expectation of the future exchange rate, net purchase of the
foreign bonds increase instantaneously. Capital outflow has the potential impact on
the exchange depreciation. Therefore, in order to achieve economic stability, money
supply is required to decrease to offset the force towards exchange depreciation
arising from capital outflowS.

From the derived optimal control law, the monetary authority should decrease
money supply to offset the force towards price increase. On the other hand, when the
interest rate increases, it would induce the domestic agent to sell foreign bonds and
purchase the domestic bonds. Capital inflow would have impact on the appreciation
of exchange rate.

Similarly, the final forms of the state variables, real output, price, and exchange

rate, under the optimal money supply rule and rational expectation of price and

3Under flexible exchange rate system, increases in money supply would cause
the depreciation of exchange rate. It would possibly result in more variation of
exchange rate and price level.
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exchange rate, can be easily obtained by substituting the solution of equation (3.37)
into equations (3.34)-(3.36). Then, we have the reduced-forms of output, price and

exchange rate under our derived money supply rule,

yt = &yt (3.39)
)
= 4
Pt T—ag +&p 4 (3.40)
_ 9%
ot = ol (3.41)

where
g _ sK117 + K9op + Kg3€
1—ag K99 + K3g

The income, price and exchange rate become exogenous processes under the derived

>0

optimal control rule of money supply. The weights of the penalties given to the
deviations of all the target variables in the loss function do not enter into the
income exogenous process. But the weights only influence the time trend of the
price and exchange rate processes‘.

From equations (3.39)—(3.41) and (2.2), the final form of interest rate is

= At E‘KZ‘%‘)”* cEn R R
—ﬁ—l(;njamt—l +ért (3.42)
where
By is a constant,
By = [—;1; (1 f%z)(l ~ 71— 72) ~ 70
by = ‘713—‘{;}1—[@(77 +6) = dlug + g-(1+ sB2)p]

1
+:Bll(1 + )] —ri_1) + (L + By}
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Under our derived money supply rule, the interest rate depends on the lagged policy
instrument of money supply, and the lagged endogenous variables which are targeted
in the government objective function. Unlike real income, price and exchange rate,

the interest rate is autoregressive process, rather than exogenous process.

3.1.2 The asymptotic variances of state variables

The relationship between the variance of state variable and those of random
disturbances can be calculated from the final form of the state variable. From

equations (3.39)-(3.41), we have that

2 _ 1 2 2_2 2.2 22

o2 = |Dl2[( n+ 6203 + ()22 + 2emPolu + 4203 (3.43)
2 _ 2 2 2 2 2

op = lDI2[ au—}-r] Oy x T 2n%0 % + o) (3.44)
o-g = |D|2[¢2 (6+s¢)2 2 +2772 2 +a'w] (3.45)

Since random disturbances are serially and contemporaneously uncorrelated,
the variances of the variables, y;, py, €, are simply linear combinations of variances
of all the random disturbances. The variations of all these variables only attribute
to the four random disturbances: domestic random supply innovation u4, foreign
price disturbance p’t" , foreign interest rate disturbance 1‘2‘ , and domestic demand
disturbance wy. All the target variables under the derived optimal money supply
rule and with rational expectations turn out to be exogenous processes and the
lagged state variables do not enter as arguments in the determination of these

target variables.
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3.1.3 The effects of random disturbances

We proceed to analyze the impacts of the disturbances on the domestic econ-
omy under rational expectations and monetary authority optimal control of money
supply. The impact on all the endogenous variables can be easily seen from the
partial derivatives with respect to the random disturbances. Here, we only discuss
the effect on the target variables (y,p,e). In addition, the role of the degree of
capital mobility in the variati;)ns of the endogenous variables would be worthy to
analyze for an open economy later on.

(1) foreign price disturbance

Taking partial differentiation of final forms of y;, ps, and e;, with respect to p?,

respectively

Oyy sn

— = —= >0 3.46
Op; |D| (3.46)
Opy n

— = —=>0 3.47
o = 1D (3.47)
Oey —(6 + s¢)

— = 71«0 3.48
Op} | D| (3.48)

The unanticipated increases in foreign price have brought into real output and price
level increases but exchange rate decreases. Given the initial exchange rate and
expectation of exchange rate, increases in foreign price would cause domestic price
increase and unanticipated price increase, and lead to domestic aggregate supply
increase. And given money supply, increases in real output and price would lead to
demand for money increase. Then, the interest rate is required to increase in order
to attain money market equilibrium. Furthermore, increases in domestic interest

rate induce domestic agents selling foreign bonds and purchasing domestic bonds.
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Capital inflow will lead to the appreciation of exchange rate.
(2) foreign interest rate disturbance
Taking partial derivative f final forms of yy, py, e, with respect to foreign interest

rate, v, we have

ayt _ 1

Opy _ 1

31‘2‘ = lDl'f} >0 (3.50)
6et 1 :

5;;; = ‘—D—ln >0 : (3.51)

The foreign interest raté increases cause real output, price and exchange rate in-
creases. The random disturbance of foreign interest rate has the same effect on price
and exchange rate. Given the expectation of exchange rate, the increases in foreign
interest rate induce domestic agents to purchase more foreign bonds. Net position
of the domestic economy in foreign bonds would therefore increase. The capital
outflow causes depreciation of exchange rate. Consequently, domestic price level
will increase to maintain the purchasing power parity. The unanticipated increases
in price will boost the real output.
(3) domestic supply disturbance
Similarly, taking partial differentiation of final forms of y;, ps, and e;, with respect

to domestic supply disturbance, uy, it is easily obtained

Oyg _ n+6

Fu. = D] >0 (3.52)
Opt _ -

Fu; IDI<0 (3.53)
et _ =%y (3.54)

Ouy |D|
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The unanticipated domestic supply shock causes real output increase but price
level and exchange rate decrease. It has the same direction and size effects on price
and exchange rate. Given the expectation of price, the unanticipated domestic
supply innovation results in aggregate real output increases and therefore price level
decreases. Given the initial money supply, both real income and price increases will
lead to demand for money increases. It follows that the interest rate will increase
to maintain money market equilibrium leading the capital inflow, and consequently,
the appreciation of exchange rate.
(4) domestic demand disturbance

The partial derivatives of final forms of y;, ps, and e4, with respect to domestic
demand disturbance, wy, are

Oyy S

(9'wt = ‘-17‘ >0 (3.55)
Opy 1
5'w—t = ,D! >0 (3.56)
Oey 1

The unanticipated increases in domestic demand will result in real output, price and
exchange rate increases. It has the same direction and size of the effect on price

and exchange rate. The interpretation of these results is analogous to the above.

3.1.4 The degree of capital mobility

How the degree of capital mobility is related to the fluctuations of the endoge-
nous variables originating from a variety of random disturbances. Whether the more
capital mobility would enforce or lesson the variations of the endogenous variables

depends on the origin of random disturbance.
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(1) foreign price disturbance

The partial derivatives of the absolute values of

Oy Opy Oey
R ¥y all *
op; ' Op; Op;

with respect to the measure of the degree of capital mobility, , are

gkl slo(1—ep)+eplt + g+ %2

= 0 3.58
37) |D|2 > (3.58)
8

a'gﬁat?, [8(1 —¢7) +ea(1 + 37 +Sﬂ

Py _ B 1 (3.59)
on D2
fe

Okl (sl —ep) +ea(l+ 7 + 2]

o _ By 7;12 >0 (3.60)
on |D|2

As the degree of the capital mobility increases, the fluctuations of real output, and
price level originating from unanticipated disturbance of foreign price will increase.
But the fluctuation of the exchange rate which arises from the foreign price shock
will be reduced as capital mobility increases.

(2) foreign interest rate disturbance

The partial derivatives of the absolute values of

Oy Opy Oey
oy’ or} ’andar;’

with respect to the measure of the degree of capital mobility, 7, are

5|5;{k‘| [(1~c1)+c21+3—+31

i o (3.61)
5| 22t | s(1—cy)+eo(l + L + 22
oy _ [s(1 = ¢1) + e By mz)] iy (3.62)

Om |1D|2



41

Oe S
a|a_i‘| [3(1—c1)+c2(1+31;+-é6-12)]

e = o >0 (3.63)

As the degree of capital mobility increases, the fluctuations of real output, price
level and exchange rate originating from the fluctuations of foreign interest rate
will be increased. It implies that the higher capital mobility enlarges the variation
of domestic economy which arises from the fluctuation of foreign interest rate.

(3) domestic supply disturbance

The partial derivatives of the absolute values of

Oyt Opt Oey
Ouy ' OGuy’ and Ouy

with respect to the measure of the degree of capital mobility, 7, are

Ot s(1-e)(1+ )

i D >0 (3.64)
Op 1

3|3;;%l —(1*01)(1+3T)
o D2 <0 (3.65)
Oe 1

Blgetl  —(1-en)t+ )
G D2 <0 (3.66)

As the degree of capital mobility increase, the fluctuations of real output orig-
inating from fluctuations of domestic supply will increase, but price and exchange
rate fluctuations originating from domestic supply disturbances will decrease. The
degree of capital mobility appears to have the functioning in smoothing the vari-
ations of nominal monetary variables, such as price level and exchange rate from
domestic supply shock.

(4) domestic demand disturbance
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The partial derivatives of the absolute values of

Oey
Bwt

Oy; Opy
Owy’ Bwy

, and

with respect to the measure of the degree of capital mobility, n, are

a|g%| (gt %ﬂf)
on

P <0 (3.67)
opt i 1, 38
6!5;,{2! = —(1+BI+F12)<0 (3.68)
on |D|2 '
Oe 1 s@
31%—%! = _(1+BI+E11)<0 (3.69)
an |D|2 '

As the degree of capital mobility increases, the fluctuations of all the state vari-
ables originating from domestic demand disturbance will increase. The high capital
mobility appears to insulate the domestic economy from domestic demand distur-
bances.

From the above analysis of the effect of capital mobility on the variation of
domestic economy, we have the conclusion that higher capital mobility enlarges the
variations of domestic economy which result from disturbances of foreign interest
rate, domestic supply, and foreign price. Conversely, it has insulated the variations

of domestic economy which result from domestic demand disturbances.

3.2 One Target Variable Case

In this section, we consider the situation of only one target variable, real output
yt. It is assumed that government is only concerned with the business cycle or the

fluctuations of real output over time. The objective function is to minimize the
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expectation value of the sum of squares of real output deviations from its targeted

value or trend level, 7, i.e.,

m . [y
min F Z Ht-l(yt - ij)z
t=1

(3.70)

Substitution of p; and p;_; from equation (3.2a), 7; and 7; _1 from equation (3.2b),

e; and e;__1 from equation (3.2c) into equation (3.2d), then the model can be
t t—1

reduced to

(=) + (n+ b1+ ) + Bl
= nl5(1+ 31;) + g%]ytq + (Tl%_fz)mt - Aym-1
~(n +eg)(1 + B%)Et—m +n(l + 31;)Et—2pt~1 +e2Bypey1

+n(Egesr1 — Ep_1et) + Lo} — pf_q) + Lrf —75_1)

HEER)+ e - 20+ Fout +wy
Let
—-c c ! ﬂz =
(L= e1)+ (n+ea)l[(1+ 5) + 52

equation (3.71) can be expressed as state-space representation:

yt = Hyp_1 + Jmy +d(t) + £(¢)
where

1 1,,8

. n[3(1+m)+g%]
+c9 *

J = 17°
fra
~ 1

a0 = oy T2y B i+ 20+ B

(3.71)

(3.72)



44

c n
+2Bpy 1 + ~(Bregy1 — Ey_yet)

(mteo). 1

M, x * U *
t) = —(pf - —(rf{ -
§(t) = (g —pp_y) + 5 (rf —rpg) +

n 1 wy
(] = -t
ol Gl By Jut—1 + —
Similarly, the application of the theorem to the model with only one target variable,

real output y4, provides the optimal money supply rule
my=—Yj_1— —5 + > (3.73)

We substitute the derived optimal feedback money supply rule of equation (3.73)
into the state-space representation of equation (3.72), then the final form of real
output, y;, is
vt =7+ &(1) (3.74)
Under the derived optimal money supply rule and with rational expectation of
price and exchange rate, the real output turns out to be determined by the targeted
value and a composite random disturbance term which is linear combinations of all
the exogenous random disturbances. The real income process does not include the
lagged real income. Noted that the income process is exogenous even if the money
supply is stationary random process.
The variance of real output, a%, is easily obtained from the final forrh of real
output of equation (3.74)
o5 = o§ (3.75)
Since all the random variable disturbances are serially and contemporaneously un-

correlated, the variance of real output is

2 7,2 2 m 42 2 (1+Z91I)2 2, 29, 0%
oy = A G o T2 ) o+ —5 [+ ea)” 0 ]au+;§ (3.76)
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3.2.1 The effects of random disturbances

Following the analysis in the previous section, the analysis of impacts of the
disturbances on the domestic economy with rational expectation and under the
optimal control of money supply. The impact of every random disturbance on the
real output can be easily seen from the partial derivatives of real output with respect
to the random disturbances.

The partial derivatives of the final form of real output, y;, with respect to

p§, v, ug, and wy, are

Oyt U

5% = sa >0 (3.77)
%ﬁ- = ;% >0 (3.78)
g_z:. - (_'7_;%?_2_).(1 + 51_1') >0 (3.79)
g—l?; = §> 0 (3.80)

From the above partial derivatives of y; with respect to all the random disturbances,
the signs of all the impacts on real output can be determined. All the increases in
unanticipated random disturbances can lead to the real output increases with the
same results as the three target variable case. Now, the relative insulation of the
economy from the random shocks in the alternative cases of three target variables
and one target variable are analyzed from the responses of y; with respect to all the
random disturbances. The partial derivatives of y; with respect to all the random
disturbances in these two cases are summarized in Table 3.1.

Some important conclusions can be drawn from the relative magnitudes of

partial derivatives with respect to the random disturbances.
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Table 3.1: The response of y; to the random disturbances

one target variable three target variables
(yt) (yt, Dt et)

P n/(se) =n/|D| sn/|D|

vt n/(sa) = 1/|D| sn/|D|

U [(m + c2)/(se)l(1 +1/61) [(m + ¢2)/(s@)(1 +1/81)

W 1/a ]./Ot

a=(1-c)+(m+ec){(1+1/81)/s D =n+6+ 3¢
+B2/61] ¢ =(1~e1)+ caBa/Br + B2/ B

§ = ca(l +1/81) + /B

First, the fluctuations of real output originating from the random disturbances
of foreign price and foreign interest rate in the case of one target variable is smaller
than those in the case of three target variable ( (n/(sa) < (s1)/(n + 6 + s¢), when
s > 1). It appears that the case of one target variable(real income) with optimal
control setting is superior to the case of three target variables if the government
chooses stabilization policy based on the minimum variance of output. The above
analysis provides the policy implication that for an economy with high elasticity of
aggregate supply to unanticipated changes in domestic price, or say with a slight
trade-off between unemployment and unanticipated inflation rate along Phillips
Curve, monetary authority seems better only consider the real output fluctuations
in the setting of objective function. In this way, it may lessen the impacts of
random shocks from foreign origins on the real output fluctuations of the domestic
economy. On the contrary, for an economy with a low elasticity of aggregate supply
with respect to unanticipated changes in domestic price, monetary authority seems
appropriate to take into account other endogenous variables such as domestic price

and exchange rate, in the loss function in the choice of stabilization policy, in
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attempt to reduce the impact of random foreign shocks on domestic real output.
Second, the partial derivatives of real output with respect to the corresponding
domestic random shocks are the same in the two cases respectively. The fluctuations
of real output originating from domestic random shocks is the same in the two cases.
It provides policy implication that the impact of domestic random shock on real
output is the same irrespective of the government objective function of stabilization

policy with only real output or more other variables as target variables.

3.3 The Alternative Money Supply Rule - Fixed Money Supply Rule

In this section, we consider the fixed money supply which is advocated by
monetarists such as Friedman. He argues that there should be no use of active
countercyclical monetary policy, and that monetary policy should be confined to
making the money supply growing at a constant rate. Friedman advocates a simple
monetary rule in which the Fed does not respond to the condition of the economy
and can make a major contribution to promoting economic stability. Our attempt
here is to compare the r_ela.tive performance of the alternative feedback and fixed
money supply rules according to the criteria of smaller variances of real output,
price and exchange rate.

Suppose the monetary authority set the simple money supply rule as
my =g, Vi

where g is a constant. By taking conditional expectations of equations (2.9)-(2.12)

for an arbitrage time ¢ +1 given at time t — 1, we obtain some important properties
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of rational expectation solutions of the model.

Et—-].yt—I-i =0, 1= 031,2a'-° (3.81)
Bt 1pt1i—9 = B1E_17444 1=0,1,2,... (3.82)
Ei_1pt+i = Ei_1e444 i=0,1,2,... (3.83)
From equation (3.2d), we have
M(Et—1et4i01— By_1ep44) — (By_1epqs — By _q1e4451)
~(By—1ryqi = By_1rypi—1)]
= ol By—17y4i = (Bp—16444+1 = Br-1e444)], i=1,2,... (3.84)
Since Ey_ 1144 = (l/ﬂl)Et-—let—H —(g/By), fori=1, 2,3, ...,
equation (3.84) can be written as
M(Bi—1etair1 — By_1e144) — (By_jepqs — By _1e444-1)
. .
‘F(Et—let—m’ —Et_qep44-1)l
1
1 .
= C2[ﬂ—1(Et——let+i —9)— (Bj_1e454+1 — By_1e444)], i=1,2,... (3.85)

Rearranging equation (3.85), it can be rewritten as a second-order nonhomogeneous

difference equation in E;_1e;.;

1
(n+co)By_qepip1 —[n+(n+ea)(1+ E‘)]Et—-let—i-i

1 —c9g )
+ 1+—E_e 1= y 1=1,2,...
n( 31) t-1%+i-1= 5 12,

The characteristic equation of equation (3.86) is

2

(1 + cg)A? = [+ (n + eg)(1 +§1—)]A+n(1 +231_1) =0

(3.86)

(3.87)
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The two roots of characteristic equation (3.87), Ay and A9 can be solved as

Ui

1
<1 Ado=1+—>1
77+cz) ! 2

81

A =
P
The complementary solution to equation (3.86) is
Ey_1efy; = A1t — 1N + 49(t—1)X  i=0,1,2,... (3.88)
or

' 1 . .
Ey_qef ;= Aq(t- 1)(;’7-:’7—(35)z + Ag(t - 1)1 + El—)z i=0,1,2,...

where A7(t—1) and B(¢—1) are arbitrage initial constants. Since the characteristic
root, Ag > 1, the system exhibits saddle-point instability. In order to rule out
the explosive system, it is required to make the assumption in the model that

Ao(t—-1) = 0%. Therefore, the complementary solution is

Ey_jefy; = 4y(t - 1)(77 1(;2 2, i=0,1,2,... (3.89)

In addition, the particular solution to equation (3.86) is
Ey_qeb . = (3.90)
t—1€3y; =9

The general solution to nonhomogeneous difference equation is the adding up of
the complementary solution and the particular solution. Thus, the general solution
to equation (3.86) is

n
n+cy

By eryi = Ap(t-1)(——) +g (3.91)

“If 45(¢ — 1) # 0, the solution to (3.88) will be explosive.
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By taking conditional expectation of equation (3.2d) given at time ¢ — 1, and since
Ey_qry = ﬁ:lI(Et—let — g), we have
M(Bt—1et+1 — By—1et) — (By_1e —ep_1) - 31;(Et-1et- —g) —ri_q +7ri-1]
= 02[31?(Et—let —9) — (By—_1et11 — By_1e4)] (3.92)

or

(n+c)By_1e441 — [0+ (n+e)(L + Blf)lEt—m
_— — * _—
= —nlet—1 —ri_1 +7-1) = g (n+ o)
The constant 41(# —1) can now be obtained by substituting the equation (3.91) for

i = 0,1, into (3.92) and is given by

(=1 = (o1 =i o) = sl L

Substituting A¢ (¢ — 1) into (3.91), we have that

) (3.93)

i i+l B
n+c9 1+ 67

M i+l B .
+g(1 (n+C2) (1+ﬂ1)], 1=0,1,2,... (3.94)

Therefore, it is obtained from equation (3.94) that

Ei_yetr; = By_1ppy;=( eg—1 —r{_1 +74—1)

Ey_1e4 = E;_1p

. n /31 Lk _ _ é_l_
= (n+62)(1+ﬂ1)(et—1 ri_1+7i—1) = ( Az)g
A A
= Sple-1-rii 1) - —(1- i)g (3.95)
or
n ﬁl * '\1
E - _ _(1_2M
o1 = o g )ee =t +re) = %)
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For convenience, let z; = ez — v} + ry. By the solutions of Eyes 1 and E;_jeq of

equation (3.95), the structure of the model can be reduced to

1 0 $(1—c1) 24
0 —s 1 e
B —-(1+61) Py Yt
Aﬁt1+¢Wr*%@t+%ﬂ—(#%?9
= “s%zt—l +ug + spf + ( %)y (3.96)
- Birf —g

where the determinant of coeflicient matrix D, and ¢ are defined by

ID| = [s8g +s¢B1(1—c1)+(L+61)] >0
¢ - 1 1+ﬁ1
(7 + co) %) T ntep(l4m)

sBg + (1 +B1) —d(1—c1)(1+B1) 91 —cp)
(cof D)T = By —fg — B196(1 — ¢1) -1
—s81 (1+58) -3

The solution from equation (3.96) can be shown to be

(@)  zg=dy+A1zp1+8&1,

() y¢ = dg + €9 4
() ep=d3+ %%-1 + €3¢
(@) by =dg+ 3k +] +éa (3.97)
where
by A
dy = lDl{cz(sﬂz +1+67)(1 - ,\;) + (1=l +8)(1 - ;\-;—) +s]}
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d = A2 - 5D o)

dg = l%—l 1*77&};—-—[ﬂ2+ﬁ1¢(1-—01)](1 %)}

10 = rr{—(L = c1)(+B)ut + [ofy + (1 + Byl
—[ea(1 + By + sf2) + sB1(1 — c1)l(pf +7)}

o0 = 75 {(L+Bru + By + aB1(1 = deg)(ef + 1)}

£31 = r;-,{—[ﬁz +B818(1 = c1)lug + 1wy — [pB1eg + s814(1 — ¢1)
+(1 + sB9)lp}f — B1(1 — peg)rf}

The asymptotic variances of y;, 24, e4, and p; are

(a) a%:agz
2
o
b 2=_£
() Tz X
2
(c) ag=/\ U%-‘}-O'g
A5 3
(d) o2 Mo, 2, 2
d) 05=-=305+0s +o (3.98)
D z *
25 &7 7p

By the assumption of the uncorrelated random disturbances, the asymptotic vari-

ance of the real income may be written as follows.
0'5 = ag(u) + ag(w) + ag(p*) + 0'5(7'*) (3.99)

9, \ _ (sB1g)?
(w) = lDlz

Ow
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2B2(1 - pe9)? o

2, *
‘Ty(P ) |Dl2 a'p*
20.2 2
s§B14(1 — ¢c
o'g(r*) = L ](D|2 2) ok
Similarly, the asymptotic variance of e; can be written as follows.
o8 = 03(u) + o2 (w) + o2(p*) + o3(r¥) (3.100)
where
Mol (1) +5)2 Bod(1 — cq)]?
o2u) = (oL (I —c)*(L +51) +[ﬂ2f 9¢(1 —c1)] }o2
¢ M1- 2 |D|? _|D? v
o2(w) = {i%_ 1 [sﬁ2+(1+ﬁ1)]2+ 2ﬁ1¢2}
; B1-3 DR D2
2
207 = (1L leal+B1+s8) + 8By (1 = cy)l?
© M1- a2 |D|2
JBBr1eg+ 581601 — 1) + (1 + sBy)I, o
|D? p
20y _ (M_ 1 [ea(l+B1 +98p) + By (1—cy)
oe(r’) = {‘—2 2 5
A31 - A2 D
+ ]2_(1—‘#62)2}
D2
Finally, the asymptotic variance of price may also be written as follows.
a% = crlz,(u) + azz,(w) + a%(p*) + 0'12,(7'*) (3.101)
where
opu) = og(v)
opw) = od(w)
") = o3p*) + o

o2(r*) = o2(r*)
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The income process under the fixed money supply rule is exogenous process
as well. The process is determined by all the exogenous random disturbances of
the system. But the price and exchange rate follow convergent time-dependent
processes. Both processes depend on the previous exchange rate and interest rate,
in addition to all the exogenous random disturbances. From the previous analysis,
we have known that all the real output, price and exchange rate are exogenous
processes under the feedback money supply rule with three target variables (y, p, €).
According to the assumed criterion of smaller variance of real output to be achieved,
our derived feedback money supply rule is at least not dominated by the fixed money
supply.

The comparisons of the relative performance between the feedback and the
fixed rule can be easily seen from the asymptotic variances of the real income, price
and exchange rate in these two money supply rules. The more detailed and reliable
comparisons of the relative magnitudes of each coefficient of the asymptotic vari-
ances in these two rules would be used to identify the variation of all the endogenous
variables attributed to a variety of random shocks. However, to what extent of the
insulation of feedback versus fixed money supply policy could be examined clearly

from the time path of endogenous variables in the simulation experiments.

3.4 The Alternative Criterion - Price Forecast Error

It is known from aggregate supply function of equation (2.1) that aggregate
output has response to the expectation error of price. The price forecast error may
result in resource misallocation and welfare loss. For an economy with Lucas-type

supply equation, a more appealing criteria, which has been suggested recently, is
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the minimization of the mean-square price forecast error of supplier. The objective
function is

o0
min 3 W1 (p; — By_1p4)%, 0<I <1 (3.102)
—1

The meaning of equation (3.102) is equivalent to the minimization of output fluc-
tuation when the information is perfect. The price forecast error is zero with full
information, that is, p; — E;_1pt = 0. It follows that the output with full informa-
tion turns out to be y? = u4, where y? is full information output level. The output
supply is totally affected by the random supply innovation when the suppliers have
full information in the price expectation and make no forecast error. Thus, the

minimization of the mean square of actual output deviation from full information

output is

o0
min Y M Y62(py — By_1p4)? (3.103)
t=1

which is equivalent to equation (3.102).
Equations (3.2a)-(3.2d) can be reduced to state-space representation with one-

state variable py, of the form

= Apy_1 + Bmy + c(t) +¢(t) (3.104)
where
_ 1 1 6
4 = i+ g+ 52
_ _1_ M+ ¢9
c(t) — l—{s[(l _ Cl) + (77 +IBC]-2)ﬂ2 + 7‘761612 _ Q]Et—lpt

189 Ul
—4F +{(n+co)F — —m
=g, Ft-2Pi-1 (7 + c9)Etpe1 B ™~ 1}
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ntcg
B
n
+(rf = r{_1) + S (pf —pf_1) +wi}

e(t) = %{—[(1 —c1)+( )ﬂ2+%§2]ut+@u

81 t—1

= c — ﬂz s|(l —c¢ ﬁZ_
Vo= (e g+ B el - e+ B2

The optimal control problem is to choose m; so as to minimize equation (3.102),
subject to equations (3.104), (3.13) and (3.14). From equation (3.27), the optimal

money supply is easily derived as

8
—77(1 + Blf + %‘12) n '77:62
_ _ E;, _ops_
my (’7+1°2) Pt—1+ (1 +cq) 1 + 1+ ) t—2Pt-1
7+ (0 + ea)(1 + =) By_1pt — B1 Eypis1 (3.105)

1

PR

(T52) g
In addition to lagged money supply (m;_1) and the previous expectation price
(Et_gpt—1 and Ey_1p;) and current expectation price (Eyp; 1), the derived feed-
back money supply rule only depends on lagged target variable (p;_1). Equation
(3.105) indicates that the current money supply policy is negatively responsive
to previous price and current expected price but positively rgsponsive to previous
money supply and previous expected price.

Substituting the derived feedback money supply rule of equation (3.105) into

equation (3.104), we have the final form of price py,

n;%)ﬂ +nﬁ12]ut+77£2 -

+n(rf ~r{_1)+ g(p? —pi_1) +wi} (3.106)

= EBy_ip {1 —c1)+(

The expectational error of price is

1
~ EBi-1pp = ‘7{[(1—01)+(77;cz)ﬂ +";i12]u +"£2 "
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n
+ n(rf - 7'2‘—1 + ;(p}f - p’tk_l) + wi} (3.107)

The price forecast error (p; — Ey_1p4) is negatively related to all the current random
disturbances. It implies that the unanticipated component of price will tend to be
smaller in response to all the current random disturbances.

We shall compare how the magnitude of price forecast error is related to a
variety of random disturbances in the three target variables case in section 3.1 and
the case of minimization of price forecast error. From equation (3.40), the price

forecast error in the three target variable case is

1
pt — Ey_1pt = |—5|[—¢ut +npy +n(rf —ri_1) +wy (3.108)

The price forecast error turns out smaller in response to the current supply innova-

tions but larger in response to other random disturbances.
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4 MICROECONOMIC FOUNDATIONS OF DEMAND SIDE

As we have seen before that the demand function for consumption and money
in T-B model are built-up in ad hoc fashions. Theoretically, the consumption and
money demand functions must be simultaneously determinéd, rather than indepen-
dently built-up, from the‘ consumer maximization problem. From this standpoint of
view, the demand function for consumption and money in T-B model appear more
weak and shaky in aspect of the theoretical interpretation of consumer behavior.
Sofaras, there is no rationale based on the insights from the consumer behavior to
support the setup of these two functions in equations (2.2) and (2.7).

In this chapter, the main work is devoted to explore hc;w the consumption and
money demand are determined simultaneously from the microeconomic foundations
of utility maximization problem of the consumer behavior. More specifically, our
attempt is to examine the nature of both functions and the explanatory factors
in the consumption and money demand decisions with the dynamic framework of
utility maximization of the consumer.

We shall proceed to analyze theoretically our concerned issue from two distinct
theoretical models: the general equilibrium cash-in-advance monetary model, and
overlapping generations model. These two kinds of monetary models are built up

from the assumptions about the behavior of the individual agent.
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4.1 The Cash-in-Advance Model

The cash-in-advance monetary model is now developed with the restriction
of exchénge pattern that requires goods be purchased with money accumulated in
advance. The central feature of this model is the hinge on the transaction motivation
of money demand for the purchase of the good. The main purpose of the setup is
to derive demand for consumption and money from the consu;'ner optimization
behavior with the money holdings motivated by the cash-in-advance constraint.

The assumptions about tastes, technology, institutional arrangements, and the
behavior of economic units such as the consumer and the government are made for
the sake of the analysis simplification. However, the assumptions have no loss of
generality of the implications of the comparative results.

The consumers are infinite-lived. The preference of the consumer is identical.
The country produces one nonstorable consumption goods. The goods is simply in
the form of endowment accrued to the consumer each period. The endowment each
period is serially uncorrelated random variable. The consumer’s optimal allocation
decisions on consumption and portfolio are derived from the utility maximization
behavior over his infinite lifetime.

The money is held because the transaction mechanism dictates that .the cur-
rency be used to purchase goods. Specifically, money buys goods but goods cannot
buy money. The cash-in-advance constraint is imposed to the trader to the effect

1

that goods transaction must be financed by the money accumulated in advance®.

'The version of cash-in-advance constraint originated from Clower (1967) and
Tsiang (1956). There are many well-developed one-country and two-country ver-
sions of cash-in-advance model to examine the determination of equilibrium com-
modity prices, asset prices and exchange rate (Stockman (1980), Lucas (1982),
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There are two trading sessions each period: commodity and asset trading ses-
sions. These two trading sessions open alternately. The information about the
current state of the economy is known to all the agents at the beginning of each
period. The timing of information is crucial in the aspects of the equilibrium so-
lutions of the model. There are totally two kinds of timing of the events in the
literature. The timing of the events in Lucas’ (1982) paper is different from that in
Svensson (1985) and Stockman (1980). In Lucas’ model, th;a asset trading session
is open first within each period, and then the goods trading session begins after the
asset trading session is over. It is just opposite to Svensson and Stockman.

We will follow the timing of information of Svensson and Stockman ending up
with demand function for money with variable velocity instead of unitary velocity.

One-country and two-country.model will be discussed in the following sections.

4.1.1 One-country model

4.1.1.1 The optimization problem of the consumer FEach consumer
preference is identical over the consumption stream. The representative consumer
chooses consumption and money (or portfolio allocations) to maximize the dis-
counted infinite sum of present and future utilities
00
B[y 671U(Cy)] (41)
t=1
where 0 < # < 1, B is discounted factor, C is the consumption in period . U(e)
is current period utility function which is continuously differentiable, bounded, in-

creasing and strictly concave. The infinite lifetime utility function is additively

Svensson (1985a and 1985b), Stockman and Svensson (1987)).
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separable with respect to time. The current utility function is a function of con-
sumption goods. E[e] is a conditional expectation operator.

At the start of each period, the consumer carries the currency holdings which
are accumulated from last period and then enters goods market to purchase con-
sumption goods. After the goods transaction is completed, he may carry unspent
money to the end of the period. At the end of each period, he receives his endow-
ment paid in cash and monetary transfer payment from the government.

At the beginning of period ¢, the representative consumer purchases consump-

tion goods in accord with the cash-in-advance constraint

My_y
< — .
Cy < 7, (4.2)

where Py is the price of the goods. M;_; is the currency carried from ¢ — 1 to t.
The cash-in-advance constraint is not necessary to be binding for the existence of
positive interest rateZ,

At the end of period ¢ when he makes decision on money holdings, measured

in the units of the goods, the consumer is facing the budget constraint

My My
—ﬁt——yt+Tt+(—E’"— t) (4.3)

where y; is the endowment in period ¢. 7y is the real monetary transfer payment

(net taxes), measured in the units of the goods. The right hand side of equation

(4.3) is real income received in cash, real monetary transfer payment, and unspent

?Nonbinding cash-in-advance constraint is allowed to get a more general and
reasonable demand for money. The positive nominal interest rates are not longer

inconsistent with a nonbinding cash-in-advance constraint in some states (See Svens-
son (1985a)).
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money. Equation (4.3) simply expresses that the money holdings deciéion at ¢ is
subject to the total real wealth available at the end of that period.

The budget constraint of equation (4.3) is actﬁally the standard familiar budget
constraint. It can be rearranged to become the standard form:

M, My_q
Cy + =L = Tizlop 4.4
¢+ B, Y + 7+ 2 t (4.4)

The right hand side of equation (4.4) is total wealth available to the representative

domestic consumer in period ¢ (©4). The wealth evolves according to

My
Oi11 =y + Tl 5 (4.5)
+1 t+1 7T T4 Py

Assume that government issues money and is transferred to the public via the
monetary transfer payment and reduces money from tax collection. The government
monetary transfer payment is simply new creation of money, in accord with the
equation o

My My

T = —

Py Py
where M; is the money supply at the end of period t.

(4.6)

Let my = %%t, my is real balance held by consumer from ¢ to ¢ + 1, in terms of
goods price at period ¢. Thus, combining equation (4.6), the budget constraint of

equation (4.4) and cash-in-advance constraint of equation (4.2) can be rewritten as

P P
(a) Ct+my =y + mt—l——gl + (7 — mt——l——;;l )
P4
< il il § .
(b) Cp <my_ P, (4.7)

The consumer’s dynamic optimization problem can now be represented as fol-

lows. The consumer chooses decision policies for {Cy,my}§2 to maximize

E[§ ﬂt—lU(Ct)] with My given (4.8)
i=1
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subject to

Py _ .
Ce+my = yt+mt—1~?t~+(mt-—mt-1—-)

Pi—1
Gy < m™-1"p,

Py . _ P
Oi1r1 = Y41 +mtm + (Mg 41 —mtT)

With the property that the objective function is additively separable with re-
spect to time and the decision set is convex and compact, the dynamic programming
is applicable to solve this dynamic maximization problem. The state variables at

time ¢ are Oy, my_1 and ;. The choice variables are Cy ands m;. The value

function of the objective function is written as
V(04 my_q,m4) = max{U(Cy) + BE[V(011,my, My 1)]} (4.9)

This is Bellman’s equation for the dynamic optimization problem.
To solve the constrained-maximization problem on the right hand side of the

value functional equation, we form the Lagrangian,

L = {U(Cy)+BEV(O4y1,ms,my. 1)}
Pi_1

F—1 t—
gy +my_ =L 4 (g — 7, =LY - ¢y — my]
t+mi-1-p, t=m-17p ) ~Cimmil

Py_
+bglmy g~ = Cil (4.10)

where A4, 1; are Lagrangian multipliers associated with the budget constraint and
the cash-in-advance constraint respectively. Taking the first derivative with respect
to the decision variables, Cy and my, and Lagrangian multipliers, A\; and vy, the

necessary conditions for the solutions of the utility maximization are:

oUu

(a) E=At+¢t
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P
() ﬂE[_ﬁti('\t“ + P11l = Mg

P _q

Py _
(c) mt—l*?t—“—c't?.(), B 20, (my_q-52

~ Gyt = 0(4.11)

Py
By Benveniste and Scheinkman formula, we have that
av P4
= A 412
S = e+ | (412)

which has been used in the above first-order conditions.

The Lagrangian multiplier A is the marginal utility of real wealth, measured in
the units of the goods. % is the marginal utility of real money balance, measured
in the units of the goods.

Equation (4.11a) tells us that the marginal utility of goods consumption is
equal to the sum of marginal utility of real wealth and real balances. If the cash-in-
advance constraint is nonbinding, it follows that money provides no liquidity service
and serves essentially as a store-of-value. In this case, the marginal utility of goods
consumption is exactly equal to the marginal utility of real wealth, analogous to
the nonmonetary equilibrium condition in an economy without money. Svensson
(1985a) gives an attractive explanation about the services that the currency has
provided: “ the existence of a binding cash-in-advance constraint drives a wedge
between the marginal utility of wealth and that of consumption, since wealth cannot
instantaneously be used to purchase consumption”.

Equation (4.11b) can be rewritten as

1 A
ﬂE[E(f\t+1 + Y1)l = Fﬁ (4.13)

This is the necessary condition for the solution of money demand that maximizes

the consumer lifetime expected utility. The bracket term on the left hand side of
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equation (4.13) is the marginal utility of real wealth including the liquidity service of
money deflated by the goods price, that is, the marginal utility obtained from one-
dollar wealth. Equation (4.13) expresses that the consumer holds the quantity of
money up to the point where the discounted expected marginal utility of one dollar
future wealth exactly equates the marginal utility of one dollar current wealth.
The marginal utility of next period consumption equates the sum of marginal

utility of next period real wealth and real balances

U
=M1+ (4.14)
TS B

which follows from the equation (4.11a). Then substituting equation (4.14) into

equation (4.13), we have that

1, U 18U
E ==~
b [Ptﬂ(actH) P oc; 't

(4.15)

Equation (4.15) demonstrates that the marginal rate of substitution between current
and future consumption is no longer exactly equal to theintertemporal price ratio.
This distinct result from the one in a model without money lies in the fact that the
liquidity service of money has been taken into account in our model.

If the cash-in-advance constraint is nonbinding, ¢.e., ¥ = 0, then equation
(4.15) becomes our familiar intertemporal equilibrium condition between current

and future consumption.

18U 8,
BE =t
[Pt+1(50t+1)] Py

(4.16)

P
If the economy is certainty, it turns out to be the formula Bg%f/g_g? = ﬁﬁt—l

Equation (4.15) is in deed the arbitrage condition for consumption and money
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demand. The current money holdings carried to next period would be realized its

utility by virtue of the next period consumption.

4.1.1.2 The solution of the optimization problem Now, we are in at-
tempt to get at the explicit equilibrium solution of consumption and money demand.
The functional form of consumer’s utility function is needed to be specified in order

to get at explicit solutions. The current utility function is assumed to be

Cl—a

l—-a

Uy 0<axl (4.17)

where a is the measure of the relative risk aversion.
The necessary conditions for consumer optimization problem from equations

(4.11a)-(4.11c) are

(a) Cy % =M+
) BEIp O] =

P4 Pi_1 -
(€) mp_1=p~—C4 20, %20, (my_1—p~ ~Cy)hy=0 (4.18)

Firs, consider the case that cash-in-advance constraint is always binding. It follows
from equation (4.18c) that Cy = mt—lﬁtp—ti' The consumer spends all money
he has. In this case, the endowment and monetary transfer payment he receives
are totally converted to be real money balance for the next period consumption,
;f'?t =yp+ (2 —1)my_q %—1—, where 24 is the gross growth rate of money supply at
time ¢. The sequence of {C}, ms} must satisfy the feasibility, utility maximization,
and market clearings.

Definition of equilibrium: an equilibrium is the sequence {C}, mt}?il such
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that
() V(O my_1,M4) = max{U(Ct) + BE[V(O41.1, my, My p1)]}
subject to
Py, P
Ce+mp = yitm1—p=+ (@ —m_1—p~)
Pi_q
< ol 2l § 1
Cy < ™i-1"p, (4.19)

(27) For each vector (y¢, Py, my), V(O my_1,™¢)

satisfies the following market equilibrium conditions

(a)yr = Cy

Next, consider the case that the cash-in-advance constraint is always nonbind-
ing, ¥ = 0 for all . From the necessary conditions (4.18a) and (4.18b), we have

the first-order difference equation of consumption

Py o=l
——C, ) @ (4.20)
P11 t+1

Ct = [BE(
The consumption solution can be solved from equation (4.20) as a function of the
time discounted factor, probability distribution of real income, risk aversion alti-
tudes and expected inflation rate. Once the equilibrium solution of consumption is
determined by the equation (4.20), then the substitution of equation (4.20) into the
standard budget constraint, the money demand is obtained as a function of current

endowment, growth rate of money supply, current and expected inflation rate, time

discounted factor and risk aversion altitudes.
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4.1.2 Two-country model

We shall extend one-country model in the previous subsection into two-country
model. The model is an attempt to examine ’;he insights which are derived from
the optimization problem of the consumer in both countries into the nature of
consumption and money demand functions.

The assumption about tastes and the behavior of economic agents such as
consumer and government is symmetric to both countries. The preference of the
consumer is identical across countries. The countries have identical constant pop-
ulations or the same structure of the population. Each country produces one non-
storable and nonreproducible consumption goods. Domestic country produces good
one and foreign country produces goods two. The output in both countries is ran-
dom variable, having a certain probability distribution.

The two currencies are held because the transaction mechanism dictates that
domestic currency be used to purchase domestic goods and foreign currency be
used to purchase foreign goods. That is, money holdings are motivated by cash-in-
advance constraints and the convention or legal restriction is adopted that goods
must be paid for by using the seller’s currency.

The lump-sum monetary transfer payment (or net taxes) is effected to the

domestic consumer at the end of each period.

4.1.2.1 The optimization problem of the consumer The representa-
tive consumer in domestic country chooses consumption and portfolio allocations on

domestic and foreign currencies to maximize the discounted infinite sum of present
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and future utilities

B{Y. p-lu(ch, ol (4.21)
t=1

where 0 < B < 1, @ is discounted factor which is identical across countries. Czjt
is the goods i consumed by the consumer in country j in period ¢, 7,7 = 1,2 (1
is denoted as domestic country and 2 is denoted as foreign country). The current
utility function is a function of current consumption of domestic and foreign goods.
Analogously, the representative consumer in foreign country chooses consump-
tion and portfolio allocations of domestic and foreign currencies to maximize his
discounted infinite sum of present and future utilities
00
B{Y. A7 tu(cd, ey, 0<p<1 (4.22)
t=1
where C%t and C’%t are the domestic and foreign goods consumed by foreign con-
sumer in period t respectively.
At the start of period ¢ the domestic consumer is facing the cash-in-advance

constraints when he enters the goods markets

(a) Oy < =By,
Ml
2,t—1
(b) Ci, < > (4.23)

where Pj; and Po; are the own currency price of domestic goods 1 and foreign goods
2, respectively. 1\4;:7; is the country ¢ currency held by the consumer in country j in
period £. According to the transaction convention that domestic currency is used
to pay for domestic goods and foreign currency is used to pay for foreign goods,

the domestic goods transaction is constrained by equation (4.23a) and the foreign
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goods is constrained by equation (4.23b). These two cash-in-advance constraints
are not necessary to be binding for the existence of positive interest rate.

After goods transaction is completed, the consumer enters the asset market
possibly with unspent currencies. At the end of each period, he will receive his
current endowment paid in cash and monetary transfer payment (or net tax) from
domestic government, and then rearranges his portfolio allocations on domestic and
foreign currencies which are accumulated for the next period purchases of domestic
and foreign consumption goods. The consumer is facing the budget constraint

during the asset trading session, measured in the units of goods 1

1
M, el My,
1t , etMyy 1,t~1 1
+ =gy + 714 +(
Plt Plt 1t 1t

(Mzt | = PoyC3y) (4.24)

where e; is the exchange rate at period ¢. y;; is the endowment of domestic con-
sumer at period ¢. The right hand side of equation (4.24) is the real current endow-

ment paid in cash (y1¢), the real monetary transfer payment (7q4), unspent domestic
Ml
1,t— . e 1 _ 1
currency ———f}i—t— C ), and unspent foreign currency, (P'lt?(‘M2,t—1 Py C54)),

measured in the units of the goods 1. The left hand side of equation (4.24) expresses
the portfolio allocations on domestic and foreign currencies.
The budget constraint of equation (4.24) can be rearranged to become the

standard form:

1 1
M, , ety My etMyyq

it ull11 =y14 +T1 + —2 + ! = 04, (4.25)
Py 2T P Py LU O Py 1t

where ©p; is total wealth available to domestic consumer in period ¢. The asset

transactions are constrained by equation (4.25), given equations (4.23a) and (4.23b).
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The total wealth evolves according to

My +et+1M2t
Piiv1 Pogq

O1,t+1 = YLt+1 +T1t+1 + (4.26)

The real monetary transfer payment in domestic and foreign countries are ac-

cording to -
My My
Tt = P“ -~ (4.27)
1t 1t
Moy Mayi1 (4.28)

T2t =
Pot Poy
where M1; and Mo; are the money supplies of domestic and foreign countries at
period t. Tj; and T9; are the real monetary transfer payments of domestic and
foreign countries in terms of goods 1 and 2, respectively.

Let my; = i‘g—l]g‘ and mg; = JVI2t , m1¢ and 79; are domestic and foreign real

ul
money supply at time ¢, respectively. Let m%t = —P-lu and m2t 7521 mlt and

m%t are domestic and foreign real balances held by domestic consumer at time ¢,
respectively. Combining equation (4.27), budget constraint and the cash-in-advance
constraints, the domestic representative consumer’s dynamic optimization problem
can be represented as follows. The domestic consumer chooses the decision policies.

for {C’-:llt, C%t, m%t,m%t}?_gl so as to maximize

E{Y st~ lu(c},cdn

t=1
‘subject to
1, etPy 1 1 Poy
Clt+ P]_ 02t+m1t+6tm2tplt
T T | 1 Pri- 1 Pog—1
= y13 + (M1 — Ty_q P, )+mi 4y Py T e™2t-1 Py
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= Glt
P
1 1 1at"’1
Cit < mis_1 Prg
P
1 1 2,t—1
Cot = ma-17p,
P P
_ — P 1
1441 = yt+1+(T"v1,nt+1“’”'%1tp1 t+1)+m1tP1 :il
1 Py
+e4 1My ——=— (4.29)
1Mot By 141

For this dynamic optimization problem, the state variables at time ¢ are Y1t
m%,t—l’ and 1. The choice variables are C%t, C’%t, m%t, m%t. The value function

of the objective function is written as

V(14 Miy_1, M3 4_1) = max{U(Cly, C3y) + BEIV (1 441, Miy, M3)]}
(4.30)
To solve the constrained-maximization problem on the right hand side of the

value functional equation, we form the Lagrangian

{(U(C}4,C3y) + BEIV(©44.1,m}y,md )N}

Pyt-1 1 Pl . Poyt

+M0ly1p + (M — My 1 —— ) +mj 4 — +emsy 41—

1 1t 1,t-1 Py; 1,t—-1 Py 2,t—1 Py,

1 ety 1 1 P1 t=1 1
~Cit~ P, Oyt - mlt“etmztplt]+¢t( Lt-17p, ~ Cit)
P

1 2,t_1 1
+up(ms 4 — Cay) (4.31)

2,t—1 Poy 2t

where A4, 94, and vy are Lagrangian multipliers associated with the budget con-
straint and the cash-in-advance constraints respectively. Taking the first derivative
with respect to the decision variables, Cllt’ C%t,m%t,m%t, and the Lagrangian mul-

tipliers, A4, ¥4, 14, the necessary conditions for the solutions of the utility maximiza-
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tion are:
oUu
(a,) 501 = ’\t + ¢'t
(b) 6U — A etP2t +1/t
acl, Py

A
(c) ﬂE[P” -1 +9031) = 55

Py et+1P2141
Pyiv1™ Prisa

Py Py q
(f) mig_ 2 -0l 20, % 20, (m];_; P, ~ Clghy =0

es Poy

(d) BE| At+1 T vi1)l = Ay 2

A P. P.
1 2,t—1 1 2,t—

(9) m —-ck >, vy 20, (m ! ¢l Jvp = 0(4.32
mt—1 Po; 2t 2,t—1 Poy 2t o )

By Benveniste and Scheinkman formula, we have that

P
1% 1,t—1
(a) v - P (At + )
aml,t—-l 1t
oV etPy 11 Py t—1
b = LpTR : 4.33
(®) oml, . Py T TPy v (4:33)

which have been used in the above first-order conditions.
The optimization problem of the representative consumer in the foreign country
is to choose the decision variables, Clzt’ 0221‘,’ m%t, m%t that maximize

E[§ gi-lucd,cd),  o0<B<1 (4.34)
t=1

subject to the budget constraint and cash-in-advance constraints, measured in the

units of the domestic goods 1

2 , etPoy 9 2 2 Poy
Ci + Co +mY; + egm
1¢ Plt 2t 1¢ 2t Plt
P2

_ et
= Y2t Mok
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—-mg 1P 1)+ m%,t—l Pl;;t_l + etm%,t~1 P2p’;—1
= Oy
cfy < m%,t-—lplj’nit_l
% < m%,t—lpzl;;;—l
O2,t+1 = };f::iyz,t-f-l + Pjt’:j 1(ﬁz,tﬂl’z,tﬂ —ﬁztpzt
+m1¢2 Plli;l-ti-l + et_l_lm%t Pff:—l (4.35)

For simplicity, the time discount factor 8 is assumed to be identical across countries.
The solutions for the optimization problem of the foreign representative consumer.

The Lagrangian multiplier A is the marginal utility of real wealth measured
in the units of domestic goods. ¥ is the marginal utility of real domestic money
measured in the units of domestic goods. v is the marginal utility of real foreign
money measured in the units of foreign goods.

Equation (4.32a) is the necessary condition for the equilibrium domestic con-
sumption of domestic goods that the marginal utility of domestic goods consumption
is equal to the sum of marginal utility of real wealth and real domestic money. Equa-
tion (4.32b) is the necessary condition for the equilibrium domestic cons.umption
of foreign goods that the marginal utility of foreign goods consumption is equal to
marginal utility of real wealth measured in the units of foreign goods plus marginal
utility of real foreign money. If the two cash-in-advance constraints are nonbind-
ing, z.e., ¥4 = 0 and v = 0 followed from equations (4.32f) and (4.32g), then the

marginal rate of substitution between domestic and foreign goods consumption is



75

exactly equal to the domestic and foreign goods price ratio,

o, 08U _ Py
1 1~
acl," acl,  etPoy

This formula of marginal rate of substitution is the familiar one in the consumer
model without money.

Equations (4.32a) and (4.32c) express that the domestic consumer holds the
quantity of domestic money up to the point where the discounted expected marginal
utility of one unit of domestic currency spent on future domestic goods consump-
tion is exactly equal to the marginal utility of one unit of domestic money wealth.
Equations (4.32b) and (4.32d) states that the domestic consumer holds the quantity
of foreign currency up to the point where the discounted expected marginal utility
of one unit of foreign currency spent on future foreign goods consumption is exactly
equal to the marginal utility of one unit of foreign money wealth.

From equations (4.32c) and (4.32d), we have the equilibrium condition for the

domestic and foreign money holdings that

1 oUu 1 ou
= e By[
Pz,t+1( = tPl,t+1(50%’t+1

B ) (4.36)

8C3 441
The allocation on domestic and foreign real money reaches the level where the
expected marginal utility of one unit of domestic currency spent on the next period
consumption of domestic goods equates the expected marginal utility of one unit of
foreign currency spent on the next period consumption of foreign goods in terms of
domestic currency

If both cash-in-advance constraints are binding, it follows from equations (4.32f)

and (4.32g) that ¥; # 0, vy # 0, that is, the domestic and foreign money provide
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the liquidity services. In this case, both currencies serve essentially as medium of

exchange. The domestic and foreign goods consumptions are

2
1 1 1,6—1
(a) Cfy=miy =P~

1t
P.
1 1 2,t—1

The demand for domestic and foreign currency, m%t and m%t must satisfy the

following equations simultaneously

Py 41 . Py
(@) mi, + Etm%t—pﬁ— =yt + (M1 — mt-1"P )

b)  El-L ou — es L ou 4.
(6) [P2,t+1(6021’t+1)] et [Pl,t-%-l(BC’llH_l)] (4.38)

If both cash-in-advance constraints are always nonbinding, the value of ¥4 = 0

and vy = 0 for all t. The necessary condition in equation (4.32) comes out to be

(a) (—%ﬁ; = M

O s iTh

(e) ﬂE(pl—;;—l/\tH) = 1%

(@) BB ) = P (4.39)

From equations (4.39a) and (4.39b), the marginal rate of substitution between do-

mestic and foreign consumption goods is the price ratio,

It is the equilibrium condition for consumption allocations on domestic and foreign

goods.
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Equation (4.39c) is the first-order difference equation in A;. The solution of Ay
can be solved as a function of the discounted factor, @, the expected and current
prices, and probability distribution of output.

There is one interesting finding from equations (4.39¢c) and (4.39d) that the
exchange rate is constant over time in the case that the cash-in-advance constraint
is nonbinding in a certainty world. This result comes out to be the same as that ob-
tained from a two-country version of an overlapping generations model with laissez-

3

faire currency portfolio®.

4.1.2,2 The solution of the optimization problem We shall solve the
optimization problem to get at the explicit solutions of endogenous variables by
specifying a functional form of utility function. The natures of the demand functions
for domestic and foreign goods, and domestic and foreign currencies are attempted
to be examined with this utility function form.

Assume that the current utility function is assumed to

9
1 A1
(C14Cq;)2

Uy = 5 )

6>0 (4.40)

where 1 — 8 is the measure of relative risk aversion. By equations (4.32a)—(4.32d),

the necessary conditions become

0
(@) s(ch)z!

1,18 cl 01 et Pyy
(b) 2(Clt) ( Zt) ’\t Plt +¢t

1 7]
(C3)2 = Mg + by

%Kareken and Wallace (1981) studied how the exchange rate determined in a
two-country version of an overlapping generations model with free trade in goods,
loans and currencies, and found the indeterminancy of the exchange rate, that is,
the exchange rate is constant over time,
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) -

© o _?ﬁzéwl,wl)g‘l(c%,m)g_ =

() AE LPQ;_H %(C%,t+1)g(021,t+i)2_1J = ’\%S

(f) M};’Itt—l - Cllt >0, P20, (Mi’lt;l - C1lt)¢’t =0

(9) Mi’;t L 3,20, vy 20, (M?I;;t‘l —Ca)y =0 (4.41)

If all the cash-in-advance constraints are binding for the representative con-

sumers in both countries, then the current consumptions in both countries are

given by
Ml M.
1 Myyq 1 Mgyq
(@) 1y = =P Cu="F,
M? M2
9 _ Mt 9 _ My4-1
(6) Cfy=—py— 5= —Fy— (4.42)

The solutions of C%t, C’%t, C%t, and 0‘2?'t must satisfy the goods market clearings

(a) Cf;+Cl =y

(b) Cgy+C3y = uay (4.43)

Equation (4.43a) is the market clearings condition of goods 1 that the total demand
for goods one is equal to the output of domestic goods 1. Equation (4.43b) is the
market clearings condition of goods 2 that total demand for good 2 is equal to the
output of foreign goods 2.

It can be apprehended that in this general equilibrium framework of two-
country world the domestic and foreign demand for domestic and foreign currency

must satisfy the following conditions.
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1. money market c.lea,rings conditions
(a) m%t + m%t = Ty
(6) may +m3, = My (4.44)
2. budget constraints
(a) mi, + Ef%"‘m%t =y13 + (M — M -1 %_1)
m, + e—tp%‘m%t = %yzt + %(WZtPZt — g ¢—1P9 ¢_1) (4.45)

3. necessary conditions for utility maximization for domestic consumer from
equations (4.41a)-(4.41d), and the corresponding necessary conditions for the

foreign consumer

8
11 _ 1
1i+ t+1 migmyy)2] = ‘“ﬁ‘—mu 1M3,4-1)2 — %t
1
) BE [P_LL‘“ X miym 2t —ﬁ——mzt 172,14 1)2"’@‘-46)

There is another interesting finding from equations (4.41c) and (4.41d) that ex-

l\ﬂ%

change rate e; = 1 with binding cash-in-advance constraints. It implies that the
domestic and foreign currencies are equivalent media of exchange.

If all the cash-in-advance constraints are always nonbinding, the ¥; = vy =0
for all time £. The equilibrium domestic and foreign demand for goods anc‘l curren-
cies (C%t’ C’%t, C’%t,()’%t) and (m%t,m%t,m%t,m%t) must simultaneously satisfy the
following conditions.

1. marginal rate of substitution between domestic and foreign goods consumption

equates across domestic and foreign consumers
1 2
C%t _ C%t _ P
Ci;y Cf etha

(4.47)
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. goods market clearing conditions

(a) Cf, + C12t = y1¢

(b) C3y+C3 = yay
. money market clearing conditions

(b) ma, +md, = Mo

(4.48)

(4.49)

. necessary conditions for the demand for domestic and foreign currency from

equation (4.39c¢)

0 9
(a) 515[75{%5(011,%1)2 '€ 441081 = (Ch)2H(CRy2
1 2 g g 9 8-1, -2
(b) ﬂE[m(Cl,t-i-l)? (C2t+1)2] (CT)2 "(C5;)2

. budget constraints

e Poy

(a cl, +
) 1t Py

1 1 Poy
Cgt +miy + etmiy ﬁz— = Y1 +

Preg-1, 1 Pri-1
(M1 =My -1 Py ) T™ML-1Tp

P
1 2,t—1
+epm
2,t—1 Plt
etf’zt 2 2. Pt _ Dot et
() C2 C3, you + =L (g, P
1t plt 2tP1t P, Y2t tp, et
P
9 1,6—1
—mo 1Py 1) +m
1,6—-1 Plt
P
2 2,t—1
Tegmy 41

Py

(4.51)
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From the above analysis, the consumption and money demand are simultane-
ously determined. Consumption demand for domestic and foreign goods are func-
tions of current prices of domestic and foreign goods, the probability distribution
of domestic and foreign output, the growth rate of money supply in both countries,

and the expected future prices.

4.2 The Overlapping Generations Model

In this section we shall proceed to investigate the consumption and money
demand based on the insights from the overlapping generations model.

First, consider a simple economy in which money is the only way of carrying
wealth from period to period. The economy produces only one nonstorable con-
sumption goods. The bond asset will be included in our model in the subsequent
section.

Each consumer lives two periods. Consumers born in period ¢ are called young
at time ¢ and old at time ¢ + 1, and dead at time ¢ + 2 and beyond. Each country
has constant population over time. At each time there are born the same number
of young people. There are two types of people each time. Each member receives
income endowment each period. Each consumer has identical preference.

Each consumer has the intertemporal utility function:

0
_ [Cy(t)Cy(t +1)]2
0 ?

U; 0<b<1 (4.52)

where

Uy = utility of an individual born at period ¢
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Cy(t) = consumption in ¢ of an individual born at period ¢
C¢(t + 1)= consumption in ¢ + 1 of an individual born at period ¢

1-86 = the measure of relative risk aversion

We use the version of the consumption-loan model? to examine the consump-
tion and savings decisions of the consumer and to derive the demand for consump-
tion and money (portfolio allocations). In the overlapping generations model, the
money is essentially a store of wealth. The currency is actually a loan to the gov-
ernment that issues that money. Assume that government issues new money via
monetary transfer payment to the public. A lump-sum monetary transfer payment

is only effected to the old generation, rather than to the young generation.

4.2.1 A simple economy with money

We consider a simple economy in which money is the only way for carrying
wealth. The young generation allocates his endowment between current consump-
tion and money holdings. The budget constraint of the young person at time ¢
is

My

Ce(t) + P yi(t) (4.53)

where

M; = nominal money holdings of the individual from ¢ to ¢t 4 1

*Samuelson (1958) developed a consumption-loan version of overlapping genera-
tions model. Recently, OLG model has been used in many fields of economics. Many
studies have addressed the question of welfare effect of money supply in the overlap-
ping generation model (Wallace (1980), Brock and Scheinkman (1980)). Kareken
and Wallace (1981 and 1978) analyze the determination of exchange rate based on
the OLG model.
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P; = the price of the goods at ¢

y#(t) = the endowment in ¢ of the agent born at ¢

In the second period of life, the consumer spends all his endowment of that pe-
riod and all the other wealth. This is no banquet or bestow left over to the next
generation. The consumption in ¢ + 1 of an individual born at ¢, Cy(t + 1), is
Ci(t+1)=ys(t +1)+ Ié\-/[— + Tt+1 (4.54)
t+1
where y4(¢ + 1) = the endowment in ¢ + 1 of the agent botn at ¢
The maximization problem of the consumer born at ¢ is to choose Cy(t),
Cy(t + 1) and My, subject to the constraints of equations (4.53) and (4.54), so
as to maximize his lifetime utility. The Lagrangian of the optimization problem is

9
[Ce(t)(ys(t + 1) + + 7 1
L= P—L ’ + A1(ye(t) — Cy(t) - %) (4.55)

The necessary conditions are:

[ 9
(@) FBEHlC2 e+ 1)+ pﬁ—% fre)Z = A =0

6 0_ by .
(6) i = 1CU 2t + 1) + gl +me)2 gl - =0 (450)

From the necessary conditions of equation (4.56) and budget constraint, the current

and future consumption, and money demand can be easily solved as
1 B L(
(@) Cy(t) = 3lys(t) + % y(t+1) + 7 41)]
() Cy(t+1) Q[P—L-yt +y(t+1) + 7]

() ot = Yote) - 5p+t—1(yt(t+1)+rt+1)1 (457)
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Equation (4.57a) expresses that the current consumption depends on the present
value of his total wealth over his lifetime periods. From equations (4.57a) and
(4.57b), the optimal solutions of current and future consumptions satisfying the
integrated constraints that the present value of total consumption during his entire

life is exactly equal to the present value of his total wealth over his life periods,

P P
C(t) + = Oyt +1) = y(t) + —Fhuy(t +1) (4.58)

The consumption solutions, which are consistent with the utility maximization be-
havior, reflect that the individual will distribute consumption over his lifetime so
that he has a flat or even flow of consumption. The nominal consumption is the
same in every period of his life. The consumption is not geared to current income,
but rather to lifetime income. "

The current consumption is half of his lifetime income and the remaining of
the current income is saved in the form of money. The demand for money is given
by equation (4.57c). Given other things unchanged, the increase in future price
will lower money demand. The intuitive explanation is straightforward that the
increases in the goods price result in the total wealth increase and lead to more cur-
rent goods consumption, and therefore the money demand will decrease. Likewise,
if the individual receives more monetary transfer payment in his old life period, he
will spend more consumption and hold less money during his young period.

Assume that government monetary transfer payment is financed by creating

new money
My My

T = (F{ 2 ) (4.59)

where 74 is the amount of monetary transfer payment of the old generation in period
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t, measured in real term. My is the total money supply in period ¢ divided by the
number of people of each generation(N). In brief, each: consumer only receives the
monetary transfer payment during his second period of life.

From equation (4.57), the consumption of the individual old person at time ¢
is

_ L Py My My
C1-1(t) = 3l—p w10t = 1) +v-1() + (5 = —p )] (4.60)

Thus, the aggregate consumption at time ¢ is the total sum of the consumption of

young and old generations, C¢, in real term

N Pyl Piq
Ct = —{lys(®) +y_ 1)+ =yt + 1)+ ——y_1(t -1
t 5 e (t) +yg-1(2)] 2 t(t+1) B, Y 1(t—-1)
My My

The term of N{ys(t) + yp_1(¢)] in equation (4.61) is the current total income in
period t. Nys(t+ 1) is the total income in period ¢ + 1 of young generation born in
period ¢{. Ny;_1(f—1) is the past income in period ¢ — 1 of the old generation born
in period ¢ — 1. Equation (4.61) expresses that the aggregate consumption depends
on the current total income, some of past income, some of future income and the
lagged money supply and next period income, and current price, lagged price and
expected future price.

The total money demand at time ¢ is the sum of the money holdings of the

young generation born at ¢

AC[t 1 Pt+1 1 —_— —
M2 _ 4l _ = _ 62
NPt 2[Nyt(t) B Nyi(t+1) Pt(Mt-}—l My)] (4.62)

The demand for money depends on (1) the total current and future income of young

generations, (2) current and next period money supply, (3) current and future price.
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4.2.2 An economy with bond

We extend the overlapping generations model in the preceding section to ana-
lyze the consumption and portfolio decisions of the individual behavior by including
government bond in monetary assets.

The budget constraint of the young person at time ¢ is

Ce(t) + —AI% + E(li_f_—;-t—) = y4(t) (4.63)

where
By = the quantity of the nominal bond that the individual holds from ¢

tot+1

r¢ = the nominal interest rate in period ¢

The consumption in t + 1 of an individual born at ¢, Cy(t + 1) is
M B
t + i

Fr1 o By

The maximization problem of the consumer born at ¢ is to choose Cy(t), Cy(t+

Ct(t +1) =yt + 1)+ + Tl (4.64)

1), My and By, subject to the constraints of equations (4.60) and (4.61), and given
prices, P4 and Py 1, and endowment, y;(t) and y¢(¢ + 1), so as to maximize his

lifetime utility. The Lagrangian of the optimization problem is

()
[Cy(t)Cy(t +1)]2 M, By
L = A t)—-Ci(t) — == - ——
My By
+Aolys(t + 1) + + + T —Cy(t+1 4.65
2t 1)+ pr Bt = Oyt + 1) (4.65)
The necessary conditions are:
0_4 4
oL _ [Cy(1))2 “[Cy(t+1)]2

@) aeym 2 ~M=
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) o1t g
30t + 1) 2

(c) 636& B —1;;1 * Pj-2u =0 Mté%% B

(d) ggt e -:;\'tl)Pt * P;\f-l =0 Bt?’%% -

(©) g3 =Wl = C1lt) = B = s =0

oL - M.
(f) a_,\Ezyt(Hl)Jth(Hl) ¢

By
+ + —Cy(t+1)=0 (4.66)
Piy1 Py

From the necessary conditions of equations (4.66a)-(4.66¢c), we have that

Cy(t+1) _ Py
Cy(t) Piiq

Equation (4.67) expresses that the marginal rate of substitution is equal to the

(4.67)

intertemporal price ratio. The consumer optimally allocates current and future
consumptions reaching up to the point where the nominal value of consumption is
the same in the two periods of his life.

From equations (4.66a) and (4.66b), the arbitrage condition of money and bond
requires that the nominal interest rate must be zero. There is no existence of positive
nominal interest rate if demand for money and bond coexists. Intuitively, if the
nominal interest rate is positive, the consumer can claim one-dollar realized value
from one-period bond tomorrow by only paying the cost less than one dollar today.
In other words, the discounted present value of one-dollar bond due on tomorrow
is less than one dollar if the nominal interest rate is positive, i.e., ﬁ_&—rij < 1.
The consumer won’t hold money if the nominal interest rate is positive. It is clear
that the currency and bond are two equivalent interest-free monetary assets in

equilibrium in this overlapping generations model if no default risk is involved.
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The current and future optimal consumption, and savings decisions are ob-

tained from the necessary conditions and the budget constraints that

(a) 0<t>=%[yt(t + 2B (gt + 1) + 7y
(6) p—Lyt +yp(t + 1) + 1y q]

(0 %’f . % = Yl(t) - S (it + 1) + 7o) (4.68)

Equation (4.68a) indicates that the current consumption depends on the discounted
present value of all his income over his lifetime periods: The value of %t'—l— is
the discounted factor as capitalizing the future income. From equations (4.68a)
and (4.68b), the optimal solutions of current and future consumptions satisfy the
integrated budget constraints that the present value of total consumption in life is

exactly equal to the present value of the total wealth in his entire life,

P P,
ct(t)+—j;f71c't(t+1)=yt(t) —t—,;z-l—[ya +1) + 7]

The aggregate consumption demand at ¢ is the sum of the consumption of

young and old persons, C}

N Py q P _ M; M;_q.
Ct = 5 la(t) + _13';_ t(t+1) + ’%.let-l(t -1+ P;H o H(469)

Equation (4.69) expresses that aggregate consumption is a function of current in-
come, young generation’s future income and old person’s previous income, current
price, lagged and future price, and lagged and future money supply. The aggregate
consumption demand can be approximated as a function of current income and
price, lagged income and price, and future income and price.

At each time the total demand for money is simply the sum of money demand
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of all the young persons. Thus, the total demand for money is calculated as

My (1-3) Py My My
—_t_\- "/ R k3 ¢ — —rs L .
N.Pt > | Nu(t) 5, Nyi(t+1)—- N 5, 2 (4.70)

The total demand for money is a function of total current and future income of the
young people, current and future money supply, and current and future price.

The demand for consumption and real balance can be linearized as the functions

of the forms

(a) G4 = ayyp_1 +agyt +a3Esyp g +agPy_1 + a5(Ey Py — Py)

+agMyyy + a7 My_q

My
(b) B = by —boEyys 1 — b3(EyPy 1 — Py)

—bg(E4My 1 — EyPyyq) (4.71)

where a’s and b’s are positive. The sign of the term (Ey;P;_1 — P;) is positive
in consumption but negative in money demand functions. The reason is straight-
forward that the higher expected price means the higher present value of lifetime
income. It follows that the demand for consumption and money will increase under
the assumption of normal goods. There is a plausible result from the overlapping
generations model that the expected lifetime income is a determinant variable ap-

pearing in the consumption function.
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5 EXTENSIONS

We will develop two revised stochastic open-macroeconomic rImnodels based on
insights from the consumer optimization problems of the cash-in-ax.dvance and over-
lapping generations models. The demand functions for money an<d consumption in
the T-B model will be replaced by our revised functions,which wesre derived in the
previous chapter. The main concern in this chapter continues t«<> be the issue of
the optimal money supply rule for these two revised models. Thhe purpose of this
chapter is to examine whether the structure of the economy does really matter in
the choice of optimal monetary policy.

Unfortunately, the optimal feedback money-supply rule does ra ©t exist in either
of the two revised macroec;momic models. In both models, raticrrral expectations
are assumed, the public and the monetary authority having the s m.1ne information
set. Moreover, no rational expectation solution of price can be foum«d when Murata’s
control method is applied to these two revised models in deriving t Ja e feedback rule.
Doing so yields the Sargent-Wallace result, which provides impor-t ant support for
Friedman’s contention that the monetary authority should aban«<lon attempts to
pursue an activist stabilization policy. |

The failure of Murata’s control method when applied to thee revised models

inspires the search for an alternative optimal money-supply rule for an economy
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where the monetary authority has information superior to that of the public. The
public forms its expectation of the event of time ¢ at time ¢ — 1. But the monetary
authority has full knowledge of all current random disturbances when he sets the
money-supply rule for time ¢.

In this chapter, we will derive an alternative optimal money-supply rule to the
usual feedback rule, under the assumption that the monetary authority has infor-
mation superior to that of the public. It provides the support for the effectiveness

of stabilization policy.

5.1 A Revised Model — Cash-in-advance Model

In the cash-in-advance model, the demand for money is determined primarily
by the purpose of the transaction. It can be inferred from an analysis of the cash-
in-advance model that the transaction demand for money is only a function of
current income and in fact has nothing to do with the interest rate. In addition,
the consumption demand function is a function of current income and expected
inflation rate. The demand functions for money and consumption are expressed in

the linear forms

(a) m¢ —pt =Py, P1>0  and
(6) ef=ciys +ea(Byppr1 —pt)+wy >0, >0 (5.1)
Equation (5.1a) and (5.1b) replace the money-demand equation (2.2) and

consumption-demand equation (2.7) in the T-B model. The original aggregate

supply equation (2.1) is slightly changed by including lagged income. One revised
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model is developed and reduced to the following four equations:

(a) Yt = 91Yp—1 + 2(pt — Ey_1p¢) + g
(b) my — pg = By
(c) pt=p; +e and

(d) nl(Erery1 — Br_yet) — (et —eg—1 +(rf —ri_q) = (rg —ry—1)]

= (1=c1)yt — co(Btpg 41 — Pt) — wy (5.2)

The system is recursive since equation (5.2a) and (5.2b) simultaneously and
uniquely determine the time paths of income and price. Then, the exchange rate is
determined by equation (5.2c). Once the solutions of y4, ps, and e; are obtained, the
interest rate is subsequently determined by equation (5.2d). The recursive nature of
the system calls for the subsystem, rather than the whole system, to be controlled.
More specifically, the policy instrument of money supply would affect price and

output by way of the money market, along with the domestic aggregate supply.

5.1.1 The superior-information money rule

Assuming that the monetary authority has information superior to that of the
public, the groups do not share the same information at any time when forming
expectations rationally. The monetary authority has full information about cur-
rent random shocks arising from the domestic supply (u;), demand sides (w;), and

fOl‘&igIl prices p* . The current money supply rule is stated in the genera.l form
t

where 7 is the time trend of money supply, which is a component of money an-

ticipated by the public. The logic behind equation (5.3) is that the government
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attempts to offset the impact of random shocks on the economy by adopting a
permissible money-supply rule, as long as it has better knowledge of information
than the public does. In the case of superior-information rational expectations, the
economy may be completely insulated from certain random shocks. The goal of the
government is to minimize the variance of the variable concerned (income or price)
by choosing the coeflicients of a1, a9, and ag, which are associated with all of the
random shocks in the system.

According to the money-supply rule described in (5.3‘),' the rational expectation

value of my formed at time ¢ — 1 by the public is
By ymg=m (5.4)

The rational expectation value of money supply is exactly the time trend of money
supply. Since the public has no information about time ¢ random shocks when it
forms its expectations at time ¢ — 1, clearly By _ju; = Et__lp;‘ =FE;_qwp =0. It
follows from (5.2a) and (5.2b) that

Ey_1yt = s1yp—1  and

E{_1my = Ey_1pt+3s1P194—1 ©(5.5)

From (5.4) and (5.5), the expectation value of p; formed at ¢ — 1 by the public is

Ey_1pt =M~ s181y4-1 (5.6)
The pseudo-reduced form of y; from (5.2a), (5.2b), (5.3), and (5.6) is written as

(1-{-.920.1) + §92a9 + 8243 (5.7)

Y = 81Y4—1 + U w
¢ 19¢-1 (1+82ﬁ1) ¢ 1+82,@1pt 1+s98 ¢
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Suppose that the goal of the government is to minimize the variance of income, or
the sum of the squares of income deviations, from its targeted value. Therefore, the

values of a1, ag, and ag must be chosen as

1
ay = —;—2—, ag =0, ag =0, (5.8)

such that the asymptotic variance of y; attains the minimum value. The money-
supply rule incorporating superior information and rational expectations is ex-
pressed as

1

my = — gut (5.9)

where 77 is the time trend of money supply For convenience, set 7 equal to zero.
The reduced forms of y4, py, and e; under this superior-information rule (5.9)

are easily obtained:

(a) yt=s1yt—1

1
(b) pp=m— ;Eut ~ 818y 1 and

1
(c) eg=m— s—z-ut - 8181y1-1 —p’; (5.10)

The time path of income under this money-supply rule (5.9) is a first-order au-
toregressive process involving no random disturbances. Under this rule, no serial
correlation in income has been eliminated. Since the money-supply rule here has
been designed in an attempt to eliminate random shocks arising from aggregate
supply, the income process can be fully insulated from random supply shocks (u4).

The condition necessary for this first-order income process to be convergent is

the value s1 being less than one (0 < s1 < 1). The time paths of price and exchange
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rate of equations (5.10b) and (5.10c) are the stochastic processes of a one-laggeged
income with some random disturbances (u, p}).
Substituting equations (5.10) and (5.6) into (5.2d), we have the reduced foxrm

of interest rate:

c l1—c¢
re = rp_1+ {51811+ (1 —s)(1 + _ng)] - s1( . L)Yyt - 5181942
cg, 1 1 * * * * wi
+(1+ &)=yt — —ug_ 1 +(pg —ps_q1)+(ry —74_1)+— 5.11
(450~ u-1t e =) + (e - i)+ 28 )

The first-order difference process for interest rate is an autoregressive and moving
average process of income, price, and random domestic supply disturbances with
all other disturbance terms.

According to equation (5.10), the asymptotic variance of y; depends on the
response of the aggregate output to the lagged income (s1) and the initial value of

income. The asymptotic variance of p; and e; are easily obtained:

1
o3 = (;5)203 +(s181)%0%
' 1
crg = (;5)20'3 + (31,81)20'5 + ag* (5.-12)

where cr%, crg and 0'5 are the asymptotic variances of p;, e; and y4. The asymtotic

variance of first-order difference (ry —r;_1) is

oy = B+ (=)0 + 2)) - (L2 + o}
1 2

€242 2 2 2 9w
+'5—2[(1+—n—) +1]°'u+2°'p*+20'r*+7 (5.1.3)
where a‘%ﬂl is the variance of the first-order difference r; — r7;_1.

In this system, variation of interest rate arises from the fluctuation of incoxrme

and all domestic and foreign disturbances. The degree of capital mobility affects
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only the fluctuations of the interest rate. Capitzal mobility appears to have the
function of lowering the impact of domestic sup3ly and demand shocks on the
variation of interest rate.

Next, suppose that the authority desires to set #2724 so as to minimize the variance
of price or the forecast erfor of price, E;_1(p¢ -ﬁ)z > or By _q1(pg— Et__lpt)z, where
7 is the targeted value of price. Following the above procedure, the optimal money-
supply rule can be easily derived. Equations (5.2a) , (5.2b) and (5.3) can be reduced

to

— a1 — 0 a9 * a3

=7 — 8 1+ us + -+ wi . 5.14
Pt 1919¢-1 T4 9Bt T T sg@ 3 Pt T T sghy (5.14)
The optimal money-supply rule is obtained by cklaxoosing a1 = (1, ag = 0, and
a3 = 0 to minimize price variance. Therefore, thh e optimal money-supply rule is

expressed as

my = m + Bluy (5.15)
Under this optimal money rule (5.15), we have the reduced form of y;, p;, and
e; by substituting equation (5.15) into (5.7) and (5 -14):
Yt = S1Yt—1 T ug

pt = M—8181y—-1 and

Il

of = M—3101Y-1— Pi (5.16)

The stochastic process for income is a first-order pr«<> cess and involves a white noise
uy. [t differs from cases in which minimization of va.riance of income is a criterion.
Random supply shock does not enter in the final fox-xms of p; and ey, but does enter

ys. If the money-supply rule is set to minimize pri ce variation by eliminating the
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impact of domestic supply shock, then the time paths of p; and e; can be totally
insulated from domestic supply shock (u;). The autoregressive income process is
now affected by random supply shock, however.

Substituting equations (5.16) and (5.6) into (5.2d), we determine the reduced

form of interest rate:

l—cy

Ty o= 7‘t~1+{3151[1+(%)(1"31)]— Yyi—1 — 8161942

1——c1

C w
—[(1 + —772—)81ﬁ1 - lug + (pf = pf_1) + (rf —ri_1) + -;]t-(5-17)

The stochastic process for interest rate (5.17) is similar to (5.11), with the exception
of the random supply shock term (uy). Lagged random supply shock (u;) has no
impact on the current interest rate, unlike results with the objective of income-
variance minimization. As the degree of capital mobility increases, the fluctuation
of interest rate originating from current domestic supply disturbance will increase,
but that originating form current domestic demand disturbance will decrease.

The asymptotic variances of y;, p¢, and (ry — 7;_1) are calculated from equa-

tions (5.16) and (5.17) as

2 1 2
a. = a.
4 1-— s% u
2
b2 = (181" o
P 1- s% u
2 (5181)% 2 | 2
o = 50y + 0 x  and
1 - 81 p
c 1-c¢
03_1 = {[(1+ 772-)(1 —81)8101 + 8161 — —7—7412 +(5181)%}/(1 - 3)
c l1—-c¢ 1
+{(1 + 772-)81ﬁ1 + —-;7——1]2}031 +202 +20% + ?aﬁ, (5.18)
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5.1.2 Fixed money supply rule

Assume that monetary authority sets the simple money-supply rule
my =g Vi,
where g is constant. The pseudo-reduced form of income is

1
Y 3 (81Yt—1 + 599 — s9Ey_1pt + uy) (5.19)

Y
Substituting equation (5.19) into (5.2b), the pseudo-reddcgd form of price is

1

= 1o a8y 9~ S1P1-1 + 21 Bi1pt — Bru) (5.20)

Pt
The rational expectation solution of price, E4_1p¢, can be easily solved as
Ey_1p¢ = 9 ~ 5181941 (5.21)

Substituting equation (5.21) into (5.19) and (5.20), the reduced forms of income

and price are

1
= 81Yj_1 + —m—u and 5.22
Yt = 81Yp—1 T ¥ 598, (5.22)
B
pt=9—$1P1Yt—1 — i—_*‘:fz—zqut . (5.23)

As with the superior-information case, which includes the criterion of minimum
price variance, income is an autoregressive process and contains a random supply
disturbance term. It does not contain white noise, however. Obviously the coef-
ficient of the term u; in (5.22) is less than one, so the income process under the
fixed money-supply rule appears to be less variate than under the former case if the
economy undergoes the impact of supply shock. Price is an autoregressive process

of y; and contains a random disturbance term involving us. Unlike the case of
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superior-information with the objective of minimum price variance, price cannot be
completely insulated from random supply shock u;. But it appears to be similar to
the superior-information case in that it maintains the objective of minimum income
variance. The fluctuation of y; originating from u; under the fixed money-supply
rule will be less than under the superior-information case with minimum income
variance since 1/s9 > #1/(1 + s9/1).

The reduced-form of interest rate, 74, is obtained by substituting (5.2a), (5.2b)
and (5.2c) into (5.2d):

c 1—c¢
re = 141 +[(1+ ;72)8151(1 —s1) + 3161 — ( - L)sylys—1 — 18192

pa-s0+P) g
1439087 ¢ 1+ 3961 t—1
w
+(pf —pi_1) +(rf —ri_1)+ —Tf (5.24)

Like the superior-information case with the objective of minimum income variance,
the first-order difference process for interest rate (r; — r;_1) is an autoregressive
process of the endogenous variable y; and of the exogenous variables u, p’t“ , ri" and
contains a random disturbance term involving the domestic demand shock (wy).
The asymptotic variance of y;, py, and e; can be easily calculated as
1 2
o = o
Y U
(1= sf)(1 +5261)2
A21+2s3)
(1- sl)(l + 39081)
B2(1+252) o

2
o+ o 5.25
(1- s%)(l + 32,61)2 w T Tpt (5.25)

and

AL S
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The asymptotic variance of the first-order difference interest rate (ry —r4_1) is

[(1+ R)s181(1 — 1) + 9181 — (5L)s1 12 + (51612
(1 - s2)(1 + s931)2
P11 —s1)(1 + E772)]2

72‘_1={

+(1 .92,31) }0‘u 20 * 20‘7_* 772 (5 6)

The asymptotic variances of endogenous variables in (5.25) and (5.26) are useful
when examining the sources of the fluctuations of endogenous variables and tracing
the long-run effects of random disturbances on fluctuations of endogenous variables.

There is a common characteristic: with the above optimal money-supply rules
of equations (5.9) and (5.15), as with the fixed money-supply rule, it is not possible
to eliminate or lower the business cycle. Keep in mind that there exists no optimal
feedback money-supply rule in this model. The relative performances of the above
three alternative money-supply rules are examined and compared on the basis of
the degree of insulation from random shocks. Therefore, the relative insulation of
endogenous variables from random shocks under the alternative money-supply rules
can be determined from the relative coefficients associated with the corresponding
random disturbances. Under the alternative money-supply rules, the responses of
variations of endogenous variables y;, py, €4, and r; with respect to random shock

uy are described in Table 5.1.

In Table 5.1, ( * ) and ( ** ) are defined as follows:

. [(1+2)(1-s1)s1 81 +518; — 7]
' 1——3%

1—
+[(1+)s181 + 22
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Table 5.1: The responses of variation of endogenous variable to current shocks w3
under random shocks according to the alternative money supply rules

the minimun income the minimun price
variance rule variance rule the fixed rule J
Yt 0 1 !

s 2 21 9 2
Pt ('315)2 (1?112) AL 4201)

e 1y (11 BY(1+261)%
24 (52) 1—s7 (1—5%)(1‘*‘5261 )2
T4 ‘12[(1'*'2772)2‘*‘1] (*) (%)

(1+2)(1-s1)s1 81 +0181 ~ 7L 512 +(s181)2 | (B (1=s1)(1+2)|2+ B2
(1-5%)(1+s961 ) (1+5981)%

Income under the rule with the minimum-income-variance criterion can be com-

() :

pletely insulated from domestic supply shock. But income under both the rule with
the minimum-price-variance criterion and the fixed rule cannot be insulated from
the impact of domestic supply shock. The quantitative impact on the variation of in-
come under the minimum-price-variance rule is exactly Jike that of one independent
of any structural coefficients. Under the fixed rule, however, variation of income
originating from domestic supply shock depends on the structural coefficients of
the domestic supply side and the money market. The impact on income under the
.minimum-price-variance rule is smaller than that of the fixed money supply rule if
(1- s%) <1/(1 + s9f7)2.

It can be inferred that if the economy exhibits a high speed of adjusting price
forecast error and high income elasticity of money demand, the money supply rule

with the minimum-price-variance criterion will be more powerful than a fixed money
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supply in lessoning the income fluctuation resulted from domestic supply shock.

A comparisons of the relative performances of the three alternative money
supply rules, from the standpoint of smallest price variation, suggests that the
optimal rule depends on the quantitative magnitudes of the structural coefficients.
Under the rule with the minimum income variance criterion, the price variation
resulting from domestic supply shock depends solely on the response of y; with
respect to the price forecast error. Under this minimum price-variance rule, the
price and exchange rate varies less if the aggregate supply is less responsive to price
forecast error. In contrast, the fluctuations of price and exchange rate resulting
from domestic supply shock under the minimum-price-variance rule depends on the
responsiveness of aggregate supply to lagged output (s1) and the income elasticity
of money demand (81). In this case, the price and exchange rates will vary more
as the responsiveness of aggregate supply to lagged output increases.

Under the fixed money-supply rule, price and exchange rate variations orig-
inating from u; are determined by the structural coefficients of the supply side
(81,s9) and the income elasticity of the money demand (81). As with the minimum-
price-variance rule, the fluctuation of price originating from u4 under the fixed rule
will be larger as the aggregate output responds more to the lagged output. If
s981 > (1 4 s1)/sq, then the price and exchange rate will demonstrate more vari-
ation originating from u; under the minimum-price-variance rule than from under
the fixed rule. It appears that the fixed money-supply rule is more powerful in at-
tacking the impact of domestic supply shock on the variations of price and exchange
rates.

Lastly, the relative insulation of the interest rate from %4 under the alternative
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money-supply rules is easily worked on from Table 5.1. Under the rule with the
minimum-income-variance criterion the fluctuation of interest rate originating from
u4 depends on the responsiveness of aggregate supply to lagged output, the elasticity
of consumption with respect to the expected inflation, and the degree of capital
mobility. The interest rate will vary less as the responsiveness of current aggregate
supply to lagged output increases. Notice that the elasticity of aggregate supply
with respect to price forecast error has nothing to do with the variations of any
endogenous variable as a result of random supply shock.” .

Under the rule with the minimum-price-variance criterion and under the fixed
rule, variation of interest rate originating from u; will be larger as the responsive-
ness of aggregate supply to lagged output and income elasticity of money demand
increases. All the structural coefficients of both the supply and demand sides will
affect the variation of interest rate resulting from domestic supply shock. It is
very complicated to compare the relative variations of interest rates under alter-
native money supply rules. But it is simpler to examine the time path of interest
rates under the alternative money-supply rules, once the values of all the structural

coeflicients have been given.

5.2 The Revised Model — the OLG Model

The important finding from the overlapping generations model supports the
permanent-income hypothesis of consumption stating that current consumption is
geared towards expected lifetime income rather than towards current income. From
the OLG model, we have derived that current aggregate consumption is a function

of current lagged and expected future income, lagged price, expected future inflation
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rate, and lagged and expected money supply. In the meanwhile, the total demand
for real balance is derived as a function of current and expected future income,
expected future inflation rate, and expected future real balance. For the sake of
simplification, the functions of money demand and consumption are described in

their linear forms:

() my—py = by —boByyyy1 — b3(Eypyr1 — pt) — ba(Bymys1 — Eypyi1)
(6) e =cryp—1+eoyr +e3Byypr1 +eqpg—1 + c5(Egpey1 — i)
tegEymy iy — eymy_q + wy (5.27)
where the coefficients b’s and ¢’s are positive and constant. We develop an alter-
native new model by replacing the money-demand and consumption functions of
equations (2.2) and (2.7) in the T-B model with our new equations (5.27a) and

(5.27b). In addition, lagged income is included in the aggregate supply equation

(2.1). Our revised OLG model is developed and reduced to the following equations:

(a) wt =s194—1 +s2(pt — Ey_1p¢) + 4
() m¢ —pg = brys — baEyyprq — b3(Eypga1 — pt) — ba(Eymyq — Eypyyq)
(¢)  pt=pf+e
(d)  nl(Bregr1 — Ey_1eq) — (et —eg—1) + (rf —ri_1) = (r¢ = r4—1)]
= —c1yp—1 + (1 — co)yt — cg EByyy 1 — cqpy—1 — c5(Epy41 — pt)
—cgEymy i1 +epmy_q — wy (5.28)
Like the revised CIA model described in the préceding section, the system

is recursive. Equations (5.28a) and (5.28b) simultaneously determine the solution

of income and price. Subsequently, the exchange rate is determined simply from
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equation (5.28¢) once the solution of price is obtained. Finally, the interest rate is
solved from equation (5.28d).

Any change in money supply has an immediate effect on income and price,
through the money market. Given price (p), expected future price (Eypyy1),
income (Ey;11), and money supply (Eymy1), the public holds a real balance
greater than what they want. They will attempt to reduce the amount of money
holdings by purchasing more goods. Therefore, the price level will rise and prices
will deviate more than the firms have expected. Aggregate output will be induced
to increase in response to the large price forecast error. The public may revise their
expectations about future price, income, and money supply after introducing the
new observations into the information set available to them. Price and income will

adjust continuously, in order to restore the system to equilibrium.

5.2.1 The superior-information money-supply rule

As with the revised CIA model, there is no rational expectation solution of
price in this model. Therefor there exists no optimal feedback money-supply rule
when Murata’s method is applied to the model. Following the assumptions men-
tioned in the preceding section, we will derive the optimal money-supply rule while
positing that the monetary authority has information superior to that of the public.
As described in the preceding section, the money-supply rule is designated as the
general form

my =M+ aju; + a,2p2k + agwy (5.29)

Where 7 is the time trend of money supply. For convenience, set 7 equal to zero.

From equation (5.28a), we have the rational expectation solution of income
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that

Ey_ 1yt = s1¥i—1

Eyysi 1 = 819t

Ey_1y441 = s%yt—l (5.30)

Taking rational expectations on both sides of equation (5.28b) and with (5.29) and

(5.30), the rational expectation solution of price is

_81(by —bosy) X, L+bg it ,
Ey_1pt= (7 b3) j§0<b3_b4) Y4—9—; (5.31)

Notice that | ];;b4| < 1 is required, in order to ensure the convergence of the
sequence {y;_;} and the existence of the backward solution of E;_1p;. Equations
(5.28a), (5.28b), and (5.29) can be reduced to

1
yp = S{(1+b3)s19¢—1 + sa(aruy + agpi + agwy)

s1(by —bgsy) &, 1+b
oy - by BP0 e AR )
X,

+sa(1 + ”3)[31(1)11+ bl;zsl) jgo(bl:;bgz Y a5t (532)
where v = 1 + bg + s9(b1 — b9s1)
Suppose that the government desires to minimize income variance,
)2

Z?_‘i_l Ey_1(yt —J)“, where 7 is a time trend or an arbitrage target value of y;. In

brief, the objective of the government is to minimize Ey__ 1 (y; —-y)z by choosing the

policy parameters a1, a9, and ag. From equation (5.32),

a] = _(1+b3) , ag =0, ag =0 (5.33)

52
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is easily obtained such that income variance is minimized. The superior-information
money-supply rule is therefore written as

my = —gl—-*-—-%—)ut (5.34)

82
Equation (5.34) demonstrates that money supply must decrease if the economy
undergoes an unanticipated increase in aggregate supply, or vice versa.
From equations (5.28a), (5.28b), (5.32), and (5.34), we have the reduced forms

of y4, ps, and e;z:

1 s1(by —bosy) X, 1+5b 1
By = Lo, 4 s1(by—bosy 3 \j+
_ 1 s1(by —bosy) &=, 1+b3 i1 ok

Under the optimal money-supply rule with superior information and rational
expectations, the income process (5.35a) is simply a first-order autoregressive pro-
cess and contains no random disturbance term. It means that income under this
money-supply rule can be fully insulated from random shock.

The price and exchange rate processes (5.35a) and (5.35b) are autoregressive
processes of income and contain a random disturbance term involving domestic
supply shock. Of course, exchange rate contains a foreign price disturbance term,
in addition to the domestic supply disturbance term. Even though price will be
affected by all lagged income, the farther past income has the least effect on cur-
rent price under the conditions of the weight Ill]-l—?bgsfll < 1. Price will fall as
vaanticipated domestic supply increases. The downward pressure of price due to

both unanticipated increases in aggregate supply and money supply leads to prices
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falling. Variations of price originating in domestic supply depend on the elastic-
ity of aggregate supply with respect to price forecast error. Price will vary less if
aggregate supply is more responsive to price forecast error.

Substituting from (5.31) and (5.35) into (5.28d), the reduced form of interest

rate is
no= g+ el + e+ (6 - Pl + (F - i)
b Dy - oy - Tl (5.36)
where
¥,_q] = [01-(1—c§)s1+c38% +(1+%5)31(:;:Z231)]yt‘1
+[(1+%5)(b—13—t—bb3;) 05] 1:,,2;1 Z(bgtbbi Y ly_a_j

The first-order interest rate process (5.36) is a very complicated autoregressive and
moving average process (ARIMA) of income, price, and domestic supply distur-
bance, as well as all other random disturbances.

Suppose that the government is concerned only with price variation. In this
case, the objective of the monetary authority is to minimize price varia‘nce, i.e.,
Y21 Ei—1(p —5)2 or X921 B¢ 1(py —Et__lpt)z, where 7 is an arbitrage targeted
value or a time trend value. Equations (5.28a), (5.28b) and (5.29) can then be
reduced-to

1
pt = —{arug +agp + agwy — (by — bgs1)s1ys—1

(b3 —bg)sy(by —bgsy) &, 1463 541
+ —T 3yt o
(1 + b3) E—_:o(bS‘bzl) t=1-
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2 o©
3199(by — bosy) 1+b3 541 (b1 b
A Zg(b3 T3, -2 (b —basy Jugh(5:37)

The policy parameters must be chosen as
a1 = (by — bosy) , a9 =0, ag =0 (5.38)

such that price variance is minimized. The optimal superior-information money

supply rule with the minimum-price-variance criterion is written as

my = (b1 — bgsy)ut (5.39)

The optimal superior-information money-supply rule (5.39) indicates that
changes in money supply respond to current random domestic supply disturbances.
It provides the policy implication that the monetary authority must decrease money
supply in order to eliminate the impact of the increase in domestic supply distur-
bance on price, assuming that the economy has strong feedback from lagged output
to current output and can overcome the relative responsiveness of money demand
to current and expected income (sy > b1/bg). Consequently, the upward pressure
of price due to the unanticipated increase in output is intended to be offset by an
induced lowering of price through a decrease in money supply.

Substituting (5.39) into (5.28a), (5.28b), and (5.28c), the reduced forms of

income, price, and exchange rate are obtained:

(a)yp = s1yp—1 +uy

s1(by = bosy) &, 1+b
byor — 51001 —b9sy 1+03 541
(b 1+ b5 Z 3—b4

Yt—2—j

s1(by —bgsy) X L+bg 541 L,
145 Eo(_—”rbzx) Yy—9j — 7} (5.40)

(et =
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Income process (5.40a) is simply a first-order autoregressive process with an additive
constant variance domestic supply error term. The processes for price and exchange
rate, (5.40b) and (5.40c), are processes of all lagged income with decreasing weights.
It is obvious that the price and exchange rate can be fully insulated from the
domestic supply disturbance under the superior-information money rule with the
minimum-price-variance criterion.

The reduced form of the interest rate is easily obtained from (5.40) and (5.28d):

l1-c - s1c3 )ut
n

C w
~;;7-(b1 —bgsy)ug—1 + (Pf —pj_1) + (v} —ri_1) + ;f‘ (5.41)

¢
rg = ry_1+ (Y1) + (1 + ;4)%_1 -

where (Y;_ 1) is the weighted sum of all lagged income. Like the superior-information
money-supply rule with the minimum income variance, the first-order process for
interest rate under the rule with the minimum price variance criterion is a very
complicate autoregressive and moving average process, which takes into account

lagged income, price, and all random disturbances of domestic and foreign origin.

5.3 The Fixed Money Rule
Assume that the monetary authority adopts the fixed money-supply rule,
my=g Vi

From equations (5.28a), (5.28b) and from m; = g, the rational expectation solution

of pt, Ey_1, pg is obtained such that

s1(by —bgsy) Z 1+b3 )ity o ._(”3“b4)g (5.42)

FE =
t—1Pt 1+ b3
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Substituting (5.42) into (5.28a), (5.28b), and (5.28¢c), we obtain the reduced forms

of income, price, and exchange rate:

59 (1+bg)(1+2b3 —b 1+b
(a)ys —vz( 4z§+b3)3 4)9+313‘t—1 +— Suy
by — bgs 1+ by — bogs
(Bpy = ¢ 1(11+b321 Z 3 Y+l (b1 P2 Dy, and
- (b — bgsy) = 1+b3 i+ (b1 = b9s1)
(c)er = e 1+ b3 Z__: bs —b4 Yt-2~j v b
. (5.43)

where c is a constant term and v =1 + b3 + s9(b] — bgs1).

Like the superior-information rule with the minimum-price-variance criterion,
income is a first-order autoregressive process and contains a random error term
involving domestic supply shock. In addition, price and exchange rate are autore-
gressive processes of income, Unlike the superior-information rules in the preceding
section, domestic supply shock turns out to effect all endogenous variables. More
specifically, under the fixed money supply, random domestic supply shock impacts
all endogenous variables. No endogenous variables can be insulated from domestic
supply shock.

The reduced form of r4 is

¢ cr, by —bys
o= Z+7‘t—1+{Yt—1}+fpt_1+(1+;5)(—————1 271 o

v
cq,,by —bos w

(L T oy + O = rieg) + (0F - pi_y) + S (544)

where Z is a constant term. {Y;_1} is a weighted sum of all lagged income. As

with the preceding money rule, the interest rate process is a complicated autore-

gressive and moving average process. All random disturbances impact interest rate
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Table 5.2: The responses of endogenous variables to domestic supply shock (uy),
under the alternative money supply rules

inimun-income- minimun-price-
variance criterion variance criterion the fixed rule
145
Yt 0 1 ~3
1 0 _(b1=b9s7)
pt 59 ]
1 0 _(b1—b951)
et 32 v
c ' l—cq1—81cC ce ., b1—bos
n| o -+ | -HEmel b g2
v=1+ 63 + 32(b1 - 5281)

regardless of the origin of the random disturbance. In this economy, interest rate
appears more erratic than other endogenous variables.

The relative performances of these three money supply rules can be compared
according to the response of y; to random shocks. The responses of all endogenous

variables to domestic supply disturbance (u;) are described in Table 5.2.

As shown in Table 5.2, price and exchange rate under the rule with minimum
price variance is fully insulated from domestic supply shock, in contrast with both
the minimum-income-variance rule and the fixed rule. Moreover, income is com-
pleteiy insulated from u;. For an economy with high elasticity of aggregate output
with respect to price forecast error, it appears better to adopt the minimum-income-
variance criterion rule. On the contrary, for an economy with low elasticity of ag-
gregate output with respect to price forecast error, it appears better to adopt the
rule with the minimum-price-variance criterion.

In this revised OLG macroeconomic model, where the government has infor-

mation superior to that of the public, the optimal money-supply rule is chosen
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in accordance with current domestic supply shock. Superior-information rules are
dominant over fixed money rules in the sense that the economy can be insulated
from random shock.

In this context, stabilization policy does not mean the elimination of the busi-
ness cycle (or serial correlation in income). Remember that there exists no optimal
feedback rule in this model. Rather, 'optimal’ is used in the sense of insulation from
random shocks.

The probability distributions of income, even of other endogenous variables, are
affected by the stabilization policy of the superior-information rule. It indicates that
monetary stabilization policy under the superior-information rule is more effective

than the fixed rule in stabilizing the economy.
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6 CONCLUSION

The main purpose of this study is the investigation of the effectiveness of mon-
etary policy in changing probability distributions of the endogenous variables for an
economy with rational expectations. Our emphasis is the discussion of an ‘optimal’
monetary policy in which fluctuations of the economic system are minimized over
time.

The asymptotic variance of the output, price, and exchange rates are calculated
for four cases of money supply policies in the T-B model: (1) where the money
supply follows a random walk; (2) where the derived deterministic feedback money
supply rule incorporates the public’s expectations into the formulation of a control
rule for money supply and includes three targeted variables (output, price, and
exchange rate) in the social welfare loss function; (3) where the derived deterministic
feedback money supply control rule includes one target variable (output) in the
social welfare loss function; and (4) where the fixed money supply rule holds money
constant over time.

The responses of all the endogenous variables to a variety of random distur-
bances can be easily captured by the parameter coefficients associated with corre-
sponding random disturbance terms in the final form of the endogenous variables.

The dynamic optimal control method has been applied to different stochastic
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macroeconomic models. The salient results under alternative monetary policies and
models are:

(1) In the T-B model, the case of a one-target-variable (y;) with optimal feed-
back control setting is superior to the case of three target variables, in regards to
stabilizing output.

(2) In the T-B model, the income, price, and interest rates are exogenous pro-
cesses under the feedback money supply rule, but price and interest rate become
time-dependent convergent processes rather than exogenous processes. This indi-
cates that the feedback money supply rule is superior to the fixed rule.

(3) In regards to the T-B model, feedback monetary policy is not ineffective in
an economy with rational expectations. It may affect the probability distribution
of output, price, and other endogenous variables.

(4) Murata’s method fails to apply to our revised models, which have been
developed according to important insights in the CIA and OLG models. In these
two revised models, there is no optimal feedback, as it is assumed that the public and
the monetary authority share the same information in forming their expectations.
It yields the Sargent-Wallace result, which substantiates Friedman’s contention that
the monetary authority should abandon attempts to pursue an activist stabilization
policy.

(5) Under the assumption that the monetary authority has information supe-
rior to that of the public, we have derived an alternative money supply rule for
our revised model. The establishment of a superior-information money rule sug-
gests that change in money supply is in accordance with current random shocks.

Either income or price can be completely insulated from the domestic supply shock.
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The probability distribution of income, price, and other endogenous variables are
affected by our derived superior-information money rules. We show that the supe-
rior information money supply rule is more powerful than the fixed money rule in
stabilizing the economy.

(6) The structure of the economy does really matter in the choice of an opti-
mal money supply rule. What the optimal money supply rule should depend on
the structure of the economy. The optimal money supply rule derived for one econ-
omy is not necessarily the optimal money supply rule for economy with a different
structure.

The variance of the output differs with alternative money supply rules. The
analysis of the feedback money supply in the T-B model demonstrates that our
derived optimal control rule of money supply, which incorporates public expecta-
tions, has the effect on variation of output that arises from random disturbances
of domestic and foreign origin. The probability distribution of output and other
endogenous variables are influenced by the government policy rule. This result is
contrasted with the policy ineffectiveness proposition. The deterministic feedback
money supply appears effective in the T-B model with rational expectations, but
ineffective in our revised models, which supports the ineffectiveness proposition.
On the other hand, the superior-information money rule appears to be effective and
clearly dominates the fixed rule in our revised models. It can be stated conclusively
that relative performances of alternative money supply rules depend on the struc-
t1:1re of the economy and the formation of rational expectations. The structure of
the economy does matter when the optimal money rule is being determined.

It is questionable whether output variability is an appropriate stabilization
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criterion. The alternative criterion of minimization of the supplier’s expectational
error has been considered in the original model. The derived optimal money supply
rule is formulated by minimizing the sum of the squares of the price forecast error,
which leads to the attainment of the employment with complete information.

The magnitudes of the response of all endogenous variable to all random shocks
could be examined by tracing the time paths of the endogenous variables from
the numerical solution in the simulation experiments. This would provide a clear
policy implication. But the numerical solutions under the alternative money supply

policies have not yet been arrived at. This will be the subject of future research.
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